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Two-parameter twisted quantum affine algebras 

Naihuan Jing and Honglian Zhang* * 


Abstract. We establish Drinfeld realization for the two-parameter twisted quantum 
affine algebras using a new method. The Hopf algebra structure for Drinfeld generators 
is given for both untwisted and twisted two-parameter quantum affine algebras, which in¬ 
clude the quantum affine algebras as special cases. 


1. Introduction 

Drinfeld realization IDF! is a loop algebra type realization of the quantum affine al¬ 
gebra. It was introduced in studying finite dimensional representations of quantum affine 
algebras, and has since played an important role in representation theory such as in vertex 
representations mm and finite dimensional representations of quantum affine algebras 
for quiver varieties iGKVi lNl. 

Drinfeld realization was hist proved by Beck (El using Lusztig’s braid groups ID. 
One of us m also gave an elementary proof of the untwisted quantum affine algebras us¬ 
ing ^-commutators. Subsequently both of these methods are generalized to twisted quan¬ 
tum affine algebras in lZJl|jZ3[|jZ4l using the Hopf algebraic structures and braid groups. 

Two-parameter quantum enveloping algebras were introduced as generalization of the 
one-parameter quantum enveloping algebras fTl IBWl iBGHll IBGH2I . It was known that 
the theory has analogous properties with the one-parameter counterpart such as a similar 
Schur-Weyl duality and Drinfeld double structure urn Recent advances on geometric 
representations ED have realized the two-parameter quantum groups naturally, where the 
second parameter turns out to be closely associated with the Tate twist. 

Two-parameter quantum enveloping algebras have a generalized root space structure 
where the action of generalized Lusztig’s braid groups is not closed, but a Weyl groupoid 
action sends U r>s (Q) to U T ' (g) fH|. Therefore the Drinfeld realizations of two-parameter 
quantum enveloping algebras cannot be studied by the braid group action. Hu, Rosso and 
Zhang flHRZl first studied the Drinfeld realization of the two-parameter quantum affine 
algebra in type A by constructing its quantum Lyndon basis and the vertex representa¬ 
tion. Furthermore, vertex representations of two-parameter quantum affine algebras in 
other types were also considered in lHZlllHZ2l|Gm 
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The goal of this paper is twofold. First, we extend the ^-commutator approach |j j2j 
to derive Drinfeld realizations for all twisted two-parameter quantum affine algebras us¬ 
ing a new method, and establish the isomorphism between the Drinfeld realization and the 
Drinfeld-Jimbo form of the two-parameter quantum enveloping algebras. A simpler set of 
generators is used to replace the original full set of the Drinfeld generators in the quantized 
algebra, which enables us to simplify many computations involved with Drinfeld genera¬ 
tors and Drinfeld-Jimbo generators. Thus the current work in two parameter cases contains 
a brand new proof of the Drinfeld realization for quantum affine algebras as a special case. 

Second, our new method gives explicit formulae for the Hopf algebra structure of 
U r . s ($) in terms of the Drinfeld generators. It was recently announced by Guay and Naka- 
jima that the affine Yangian algebra Y(g) has a simple Hopf algebra structure in terms 
of the Drinfeld generators. The special case of our result for the quantum affine algebra 
induces a Hopf algebra structure for the double affine Yangian algebra DY(g) in view of 

iGD . 

The paper is organized as follows. After a quick introduction of preliminaries in sec¬ 
tion 2, we introduce the two-parameter twisted quantum affine algebras in the Drinfeld- 
Jimbo form in section 3. The loop algebra formulation of the two-parameter twisted quan¬ 
tum affine algebras was given in section 4. We obtain in section 5 that the Drinfeld realiza¬ 
tion is isomorphic to the Drinfeld-Jimbo form as associative algebras. This isomorphism is 
proved using a new method in sections 6 and 7, which is based on a set of simple genera¬ 
tors. In section 8, we define the actions of a commultiplication on the simple generators of 
Drinfeld realization, thus we can obtain the Hopf algebra structure of Drinfeld realization. 
Moreover, we show that there exists a Hopf algebra isomorphism between the above two 
realizations. 


2. Definitions and Preliminaries 

2.1. Finite order automorphisms of g. We begin with a brief review of basic termi¬ 
nologies and notations of twisted affine Lie algebras following m, in particular, on finite 
order automorphisms of the finite dimensional simple Lie algebra. 

Let g be a simple finite-dimensional Lie algebra with the Cartan matrix A = 
i, j G {1, 2, ..., N}, of simply laced type An ( N ^ 2), Dn {N > 4), Eq or D 4 . Let a 
be an Dynkin diagram automorphism of g('/4 j of order k. We denote by / = {1. 2, .... n\ 
the set of cr-orbits on{l, 2, ...,iV}. The action of a on the Dynkin diagram is listed as 
follows: 

An : cr(i) = N + 1 — i, 

Dn ■ &(i) = i, l ^ i ^ N — 2; a(N — 1) = N. 

D 4 : cr(l, 2,3,4) = (3, 2,4,1), 

Eq : a(i) = 6 — i, 1 ^ ^ 5; er(6) = 6, 

Let w = exp^fr be the primitive fcth root of unity. Then we have the Z/rZ-graded 
decomposition 

g(^) = 0 

j^'L/k'L 

where g . is the eigenspace relative to the eigenvalue aA Subsequently g 0 is a Lie subalge¬ 
bra of g(A). Obviously, the nodes of the Dynkin diagram of g 0 are indexed by I. 



TWO-PARAMETER TWISTED QUANTUM AFFINE ALGEBRAS 


3 


2.2. Twisted affine Lie algebras. For a nontrivial automorphism a of the Dynkin 
diagram, the twisted affine Lie algebra g a is the following graded algebra: 

0 CT = ( (J) 0 [3 .j <S> Ct j j © Cc ® <Cd, 
je z 


where c is the central element and ad(d) = t-jj. Here we use [j] to denote j{modk). 
Thus the twisted affine Lie algebra 0 CT is the universal central extension of the twisted loop 
algebra. We denote by I = I |J{0} the nodes set of Dynkin diagram of 0 <T . 

Let A a = (af ) (*, j £ I) be the Cartan matrix of the twisted affine Lie algebra 0 CT 

( r ) J 

of type X N . The Cartan matrix A a is symmetrizable, i.e., there exists a diagonal matrix 
D = diag(di\i £ I) such that DA a is symmetric. Let a* (j £ I) be the simple roots 
of 0© and A, A the root systems of 0o, 0 CT respectively. Then A = {cti, ..., a n } and 
A = {ct 0 } U A. where ao = 5 — 0, 6 is the simple imaginary root and 9 is the maximal 
root of 0o- We let ( , ) be the canonical bilinear form of the Cartan subalgebra such that 


2(ai,aj) __ a 
(tti.Qi) ~ %■’ 


i,j £ I. Let di 


2 


, i G I. 


3. Two-parameter twisted quantum affine algebras (/ r ,, s (g fT ) 

We assume that the ground field K is Q(r, s), the field of rational functions in two 
indeterminates r, s (r ^ ±s). 


3.1. Drinfeld-Jimbo form of [/r, s (0 CT ). Let r,; 
(r, s) -integer by: 



= r 


di 


Si 


n 




s di , i £ I. Define the 


Definition 3 . 1 . The two-parameter twisted quantum affine algebra U rtS (g cr ) is the 
unital associative algebra over K generated by the elements , fj, u;^ 1 , 0 Jj ±x (j £ /), 7 ± s, 
7 ,=t 5, satisfying the following relations: 

(XI) 7 ± 5 ) yij are central with 7 = us, 7' = u' s , 77' = (rs) c , such that UiU~ x = 
u\ w' -1 = 1, and 


[uf\uf\ = [u±\u' ±1 ] = [ U *\ U f 1 ] = 0; 




1 = 0> i) 1 e-i, u'J l u 1 1 = 0, i) fi ; 


(X2) 

(X3) 

(X4) r - r 1 * 

(X5) (r, s)-Serre relations for e,: for any i ^ j £ I, 


Ujeiu 0 = (i,j)ei, Uj fiU 3 = {i,j) 1 /;; 


[dJj] = 


(ad; ef) 1 a ‘ J (ej) = 0, 


(X6) (r, s)-Serre relations for /*: for any i ^ j £ I, 

(ad r (fj) = 0, 

where the left-adjoint action ad; e t and right-adjoint action ad r fi are given in next section 
to save space (cf. Proposition l3.3l >. 

Here the structural constants ( i , j) in relations (X2) and (X3) are given in the two- 
parameter quantum Cartan matrix J defined below. In fact, the submatrix after removing 
the zeroth row and zeroth column of J is exactly the two-parameter quantum Cartan matrix 
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of the finite dimensional type, while the data of the zeroth row and the zeroth column 
are compatible with the results of section 6. We list the two-parameter quantum Cartan 
matrices of the twisted cases for future reference. 

For type A { ^_ v 


/ 

rs -1 

(rs) 1 

r -1 

1 

(rs) 2 \ 


rs 

7 

CO 

s*. 

r -1 

1 

1 


s 

s 

rs -1 

1 

1 


1 

1 

1 

rs -1 

r~ 2 

V 

(rs)~ 2 

1 

1 

••• s 2 

r 2 s~ 2 ) 


For type 


( 

r 2 s 2 

r —2 

1 

1 

rs \ 

s 2 

rs -1 

r -1 

1 

1 


1 

s 

rs -1 

1 

1 


1 

1 

1 

rs -1 

r~ l 

l 

(rs) -1 

1 

1 

s 

i _i , 

r 2 s 2 / 


For type D^, 


i rs 1 

r 2 

1 

1 

rs \ 

s 2 

r 2 s -2 

r -2 

1 

1 

1 

s 2 

r 2 s -2 

1 

1 

1 

1 

1 

••• r 2 s -2 

r -2 

\ (rs) -1 

1 

1 

s 2 

rs -1 / 


For type D^, 


For type 


J = 


( 

V 



/ rs 1 

— 2 —1 
r s 

(rs) 3 \ 

J= I 

rs 2 

rs -1 

r -3 

1 

l (rs) -3 

s 3 

r 3 s -3 J 


rs 1 

r -2 s -1 

(rs) -1 

(rs) 2 

(rs) 2 \ 

2 

rs 

rs -1 

r -1 

1 

1 

rs 

s 

rs -1 

r -2 

1 

rs)~ 2 

1 

s 2 

r 2 s -2 

r~ 2 

rs) -2 

1 

1 

s 2 

r 2 s -2 ) 


Remark 3.2. For later purpose, we write down explicitly relation (X5) case by case 
as follows. 
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( 2 ) ^ 

Case (I): In the case of A' 2r ^_ 1 , for i = 1, 2 ..., n — 1 and j, k £ I such that = 0, 
we have the (r, s)-Serre relations: 


(k-, 0; 

e 2 e i+ i - (n + Si)eie i+1 ei + (riSi)e i+1 e? = 0, 

ele 2 - (r + s)e 0 e 2 e 0 + (rs)e 2 el = 0 
eoe 2 — (r + s)e 2 e 0 e 2 + (rs)e 2 eo = 0. 

Case (II): In the case of A 2 2 j, for i = 1, 2 ... ,n — 1 and j, k £ / such that aj fe = 0, 
we have the (r, s)-Serre relations: 


eje k - (kj)e k ej = 0, 

e\e i+ 1 - (Vi + s^ejej+iei + (rjS^ej+ie 2 = 0, 

eie 2 +1 — (fj+i + Sj+i)ei+ieiei+i + (ri+iSi-|_i)e 2 +1 ei = 0, 

egei - (r 2 + s 2 )e 0 eie 0 + (rs) 2 eieg = 0, 

e 0 e? - (rs)[3]eie 0 e 2 + [3]e 2 e 0 ei - ( rs) 3 efe 0 = 0, 

— (f -f s)c n —i6 n 6 n —i (rs)e n e n _ 2 — 0, 

^n—i^rL (rs) 2 [3] 1. e n e n —\e n “f* [3] i e n e n —\e n (rs) 2 e n e n —± — 0. 

( 2 ) 

Case (III): In the case of , fori = 0, 1,..., n— 1 and j. k £ I such that aj fc = 0, 
we have the (r, s)-Serre relations: 


eje k - (k : j)ekej = 0 , 

e 2 e i+ i - (n + Si)eie i+1 ei + (riSi)e i+1 e 2 = 0, 

e i e i+i ~ ( r i+i + Si+i)ej+ieiei+i + (ri+iSi+i)e 2 +1 ej = 0, 

e n _ie n (r s )e n _ \e n e n —\ -t- (rs) e n e n _- 2 — 0, 
en—\e n (rs)[3]e n e n _ie n -t- [3]e n e n _ie n (rs) e n e n —\ — 0. 

Case (IV): In the case of D^\ for i, j € i such that = 0, we have the (r, s)-Serre 
relations: 


eje k - {k,j)e k ej = 0, 
ele i - (rs)[2]e 0 eie 0 + (rs) 3 e \_e\ = 0, 
e 0 e 2 - (rs)[2]eie 0 ei + (rs) 3 e 2 e 0 = 0, 
e i e 2 — (f 3 + s 3 )e 2 eie 2 + (rs) 3 e 2 ei = 0, 

efe 2 - [4]efe 2 ei + (rs)-^pe 2 e 2 e 2 - (rs) 3 [4]eie 2 e? + (rs) 6 e 2 ef = 0. 
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( 0 \ A 

Case (V): In the case of Eg , for i, j £ I such that afj = 0, we have the (r, s)-Serre 
relations: 

e i e j — (jj*) e i e i = 0 ) 

e^ei — rs(r + s)e 0 eie 0 + (rs) 2 eieo = 0, 

e 0 e 2 - rs(r + s)eie 0 ei + (rs) 2 e 2 e 0 = 0, 

e 2 e 2 — (r + s)eie 2 ei + (rs)e 2 e 2 = 0, 

e i e 2 — (r + s)e 2 eie 2 + (rsje^ei = 0, 

e 2 e 4 - (r 2 + s 2 )e 3 e 4 e 3 + (rs) 2 e 4 e 3 = 0, 

e 3 e 2 - (r 2 + s 2 )e 4 e 3 e 4 + (rs) 2 e 2 e 3 = 0, 

e 2 e 3 - (r 2 + s 2 )e 3 e 2 e 3 + (rs) 2 e 3 e 2 = 0, 

e 2 e 3 - [3]e2e 3 e 2 + (rs)[3]e 2 e 3 e2 - (rs) 3 e 3 e2 = 0. 


3.2. Hopf algebra structure. One can check the following fact directly. 


PROPOSITION 3 . 3 . The two-parameter twisted quantum affine algebra U rjS {Q a ) is a 
Hopf algebra with the comultiplication A, the counit £ and antipode S defined below: for 


i £ I, we have 

. , -l-A, 4-i 4-1 

A (7 2 ) = 7 2 0 7 2 , 

A (u>i) = uji <8>Wi, 
A(e,) = e ; ® 1 + Uj ® e;, 

e(e») = e(fi) = 0, e(7 ± ^) 
S( 7^)=7 T 3 

S'(ej) = S(f i ) = -f i u' i 


A ( 7 '±i) _ y ±5 0 y±i ) 

A(w') = w'0w', 

A(/i) = /i®w' + l® fi, 

= £ {t' ± ^) = £ (ui) = e(w') = 1, 

5(7**) = 7^*, 

S( w< )=o;r 1 , 5( W ')=u;r 1 


Remark 3 . 4 . ( 1 ) When r = q = s 1 , the quotient Hopf algebra of U — t/ rjS (g CT ) 
modulo the Hopf ideal generated by the elements w' — uif 1 (i £ I) and 7 ' 2 — is the 
classical twisted quantum affine algebra U q (g a ) in Drinfeld-Jimbo type. 

(2) In the Hopf algebra [/ riS (g CT ), the left-adjoint and right-adjoint actions are defined 
in the usual manner: 

ad ia(b) = ^ a (1) b S(a (2) ), ad r a (6) = ^ 5(a (1) ) 6a (2) , 

(a) (a) 

where A (a) = Xj (a ) 0 a( 2 ) for any a, b £ £/ r>s (g cr ). 


3.3. Triangular decomposition of U rtS (g a ). The two-parameter twisted quantum 
affine algebra f/ riS (g CT ) is endowed with a Drinfeld double structure (see Proposition [33]), 
which is similar to the untwisted cases. The following statement can be proved by standard 
arguments similarly (see IHHzl). 

PROPOSITION 3 . 5 . ( 7 r . jS (g cr ) is isomorphic to its Drinfeld double as a Hopf algebra. 
Let U° = ..., w o 1 ,..., oj' n 1 , 7, 7 '] denote the Cartan subalgebra of 

UrAsn- 

Furthermore, let U rtS (n) (resp. U riS (n~) ) be the subalgebra of ( 7 T . s (g cr ) generated by 
ei (resp. /, j for all i £ I. Then, we get the standard triangular decomposition of f7 riS (g' T ). 
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Corollary 3.6. U r ,s{2 a ) — U r , s (n ) ® U° <S> U r , s ( n) as vector spaces. □ 

Definition 3.7. (cf. IHSzl) Let r be the Q-algebra anti-automorphism of f/ r . s (g' T ) 
such that r(r) = s, r(s) = r, r((w-, Wj) ±:L ) = (w'-, Wj) Tl , and 

T(ei) = fi, r(fi) = e h r(wi) = w', r(w-) = 

t(j) = i, t( 7 ') = 7 . 

In fact r is an analog of the Chevalley anti-involution on [/ rjS (g CT ). 


4. Drinfeld realization of two-parameter twisted quantum affine algebras 

In this section, we will generalize the result from the untwisted cases nza to the 
twisted ones and state the Drinfeld realization in the general form. 

For convenience, if two roots a = + ■ ■ ■ + ai m , /3 = aj 1 + • • • + a Jm are decom- 

m n 

positions into simple roots, we denote (a, /3) = II II (*fc> ji) 

k= 1 1=1 

4.1. Generating functions for two-parameter cases. To state Drinfeld realization of 
two-parameter quantum affine algebra [/ T . jS (g <T ), we need to define some functions 
For i, j = 1, ..., n, let 

F±(z,w)= (^-w i ((*,fj i (j))(c7 i (j),i)) ± 3w), 

tez/fcz 

Gf j {z,w)= {{a l {j),i) ±1 z-{{a\j),i){i,a l {j))- 1 ) ± ^w). 

iQZ/kZ 

For simple roots a u atj € A, we set g±(z) = z+ c^.cy.n*" = E„ e z + 

where the coefficients cfj n are determined from the Taylor series expansion at £ = 0 of the 
function 

Y c ± tn = ±/« = G ti^' 1] 

C ijnZ p±(c il 

raGZ + ij ' 

To write the relations in a compact form, we need the formal distribution 

S(z) = '£z k . 

fcGZ 

Definition 4.1. The two-parameter twisted quantum affine algebra U r ^(g 17 ) is the 
unital associative algebra with the generators 

, i 1 

{xf{k),cj) i {m),(fi{-rn),^,'y' 2 \i = 1,..., n, k e Z ,m e Z + } 

satisfying the defining relations in terms of the generating functions: 

x t( z ) = J2 x t^ z ~ k ’ Mz)= > 

<Pi{z) = Vi(- m ) zrn - 

mGZ.|_ 
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The relations are given as follows. 

. | 1 _L 1 f / \ 

(4.1) 7 ,7 2 are central and invertible such that 77 = (rs) 

„± 


(4.2) 

(4.3) 

(4.4) 

(4.5) 


2v (i ) (k) = Uj k xf{k), ip a (i){m) = <j> a (i)(n) = u n </>i{n) 

Wi{z), WW] = [(j>i( z )> A( w )] = 0 , 

9ij{zw- 1 { 77 , )^ 7 ') 


<Pi{z)<j)j{w) = <j>j(w)<pi(z) 


gij(zw 1 (77 , )"7)’ 


(4.6) ipi(z)xf(w)ipi(z ) 1 =9y(^(77') 2 7 T2 ) ±1 ^H, 

(4.7) 0i(z)a;±(u;)0i(z) _1 = 5ii('7(77 , )^7 ,± ^) =Fl a:f («0> 


(4.8) [^(z),^- («;)] = —^—fs(zw 1 'y')4>i(w r y^) — S(zw *7)Vi(z7' *)Y 

(4.9) ^(z, w) xf(z)xf(w) = G±-(z, w) xf(w) xf(z), 

(4.10) xf(z)xf(w) = {j,i) ±1 xf(w)xf(z ), /or a£ = 0, 

(4.11) 

Sym ZltZ2tZ3 ^((rs ~ 2 ) T ^zi - (r* + s^)~ 2 + (r _2 s) T *z 3 )a;f (zi)a;f (z 2 )sf (z 3 )} = 0, 


for 


i=z 

(4.12) S'ym 21iX2 |i^ : (zi,Z2) ^(-l)‘(r i s i ) d 




i =0 


±i 


xf(zi)---xf{zt) 


xxf{w)xf(z t+ i)---xf{z 2 )} =0, 


for Aij = — 1, and 1 ^ j < i ^ N such that cr(i) ^ j, 


t —2 


(4.13) Sym ZltZ2 {p±(zi,z 2 ) ^(-l)‘(r i s i ) =F 




t=o 


T i 




xxf(w)xt(zt + i)---xf{z 2 )} =0, 


for Aij = — 1, and 1 ^ i < j ^ N such that er(i) ^ j, 


where [l] ±i = r li s, ±i , 

r ■ —s ■ 


J=F i 


r T‘_ s T‘ 

Sym Zl} ... tZk means the symmetrization over 


the variables zi,..., z*,, and P/j are given by 

If a{i) = i, then P^(z,w) = 1 , dij = k, 


2^^ (j'S 

If A,a (*) = 0 , a (j) = j , then P±{z,w) = -7-, d tJ = k, 


z(rs 1 ) ±1 — ' 

If A,a (») = 0 , cr(j) ^ j, then P^{z,w) = 1 , d^ = 1/2, 


If A 


i,cr(i) 


= —1, then PAz,w) = z(rs 1 ) ±fc / 4 + d Z j = k/ 2 . 


Remark 4.2. Note that in relation (4.1), 7 and 7' are related by the central element 
c. In the one-parameter case, the central element c is absent in the relation, since 7 and 7' 
are inverse to each other. 
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We now give the component form of the two-parameter Drinfeld realization which is 
equivalent to the earlier formulation. 

Definition 4.3. The unital associative algebra lf r . s (g <T ) over K is generated by the 

elements xf(k), ai{£), w^ 1 , 7 ' ±5 , (i G I, k , k' G Z, t' G Z\{0}), subject 

to the following defining relations: 

(Dl) 7 ± 2 ; are central such that 77 ' = (rs) c , uituf 1 = = 1 (t G /), and 

for i, j G /, one has 


(D2) 


= 0 . 

x a(i)(0 = a CT(i) (m) = w m a;(m) 


r r«/M r ^ (770(»”*«*) ** 0> [^4^‘tf) 1* 7 KI - 7' KI 

(D3) [«»(-£), )] = <>*+*',- 

£=0 


1*1 


r — s 


(D4) 

(D5) 


KW, tuf] = [*(*), w'f i ]= 0 . 


/±1 - 


k -1 


uiixfik)^ 1 = y i) ±1 xf(k), 

t =0 
fc -1 


t =0 


(D6r) 


^A. t ,.v — ^A . 

[oi(^),xf(A:)] = ±Et=o (<< ’ i> ^ r 7 r :^^ E=1 (77 , ) 4 7 ,± ^f(^+fc), 


for £ > 0, 


(D6 2 ) 


[«*(*),*?(*)] = ±E t to (<M> ' 2 ~ <M> 


ill 

£{ri — Si) 


Hi) 


— (77') 7 ± 2X^ t (£+fc), 

for l < 0, 


(D7) ^0, w)a:f OOyfH = G±(z, w) a:^(?/j) xf(z), 

(D 8 ) [x+(k), xj ( k') ] = SlJ (V~ fc 7 ~^ ^(fc+fc') - 7 fc ' 7 '*^ ^(fc+fc')), 

where <y (0) = 07 , <^i(0) = cu', and 0i(m), ipi(—m) ( m G Z>o) are defined as below: 


OO OO 

y = Wj exp ^(r,—Sj) y aj(£)^ _£ j, 

m=0 1 

00 00 

y, = w- exp ^-(rj-Sj) y ai(-£)z^ . 

m— 0 1 

(D9i) zf {m)xf(k) = (j, i) ±1 xf{k)xf(m), for a£ = 0, 
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(D9 2 ) 

Sym Zl}Z2}Z3 ^((rs ~ 2 ) zf: ^zi - (ri +st)z 2 + {r~ 2 s) T iz 3 )xf(z 1 )xf(z 2 )xf{z 3 )^ = 0 , 

for 1 ? 

(D9 3 ) 


Sym Zl , Z2 {P±(z 1 ,z 2 )j:lJ 0 (-l)\r i s i ) ±tJi ^ \ 2 ] xf( Zl ) ■ ■ ■ xf(z t ) 

J ±1 

xxf(w)xf{z t+ 1 )---xf(z 2 )} = o, 

for Aij = —1, and 1 < j < i < iV such that cr(i) y j , 


(D9 4 ) 


-t(t-i) 


L ‘ J= U 


xf(z!) ■ ■ ■ xf(z t ) 


Syrn ZltZ2 ^P^{zi,Z2)Y^Jo(- i y{r i Sif 

xxf(w)xf{z t+1 )---xf(z 2 )j = 0 , 

for A, j = — 1 , and 1 ^ i < j ^ N such that a(i) y j. 


where [l] ±i = %_% , [ l] T i = 4 i~%r , and P± are given by 


If a(i) = i , then P±(z,w) = 1, dij = k, 


“(rs 1 ) ±fc — 


If A,a(i) = 0, a(j) = j , thenT^z, w) = ~ , d y = fc, 

j ijiti _ w 

If A,<r(i) = 0, fj(j) f j, then P±(z,w) = 1 , = 1 / 2 , 

If A,o-(i) = -1, *en Pf(z,w) = z(rs _1 ) ±fc/4 + w, d zj = k/2. 


4.2. The anti-involution r. The following analog of Chevalley anti-homomorphism 
can be checked directly. 

PROPOSITION 4.4. The following Q-linear and multiplicative mapping r defines an 
anti-automorphism of li r s (g a ): r(r) = s, r(s) = r, t((oj 4 , Wj)^ 1 ) = (oofoji)^ 1 and 

r(wi) = oof r(w') = u> f , 
r( 7 ) = y, r( 7 ') = 7 , 

T(aj(^)) = afi-Z), 

T (xf(m)) = xf(-m), 

T(4>i(m)) = T((pi(-m)) = 

4.3. Triangular decomposition of lL r s ( 0 CT ). Let 'U r . iS (g <7 ) be the suhalgehra of U, : . s (g' T ) 
generated by xiyO), w*, oof (i £ I). Clearly U riS (g cr ) = t/ riS (g CT ), the subalgebra of 
U r ,s{Q a ) generated by e», /», ooi, w- (i £ /). 

Using defining relations (D1)-(D9), one can easily show that U r>s (g' T ) has a triangular 
decomposition: 

Ifr,s(0 <T ) = Ur, s (n _ ) ® U° s (g) <g>ll r , s (n + ), 

where , U I . ig (n ± ) = © Qg g± U riS (n ± ) a is generated respectively by xf(k) (i £ I), and 
11° s (g) is the subalgebra generated by oof 1 , w 4±1 , 7 ± U 7 ,:t U and a,i(±Z) for* £ I, t £ N. 
Namely, U/ S (g) is generated by the subalgebra U riS (g)° and the quantum Heisenberg 
subalgebra Tf r s (g), which is generated by the quantum imaginary root vectors <Zi(±£) 
(*£/,££ N). 
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5. Two-parameter Drinfeld isomorphism theorem 


5.1. Quantum Lie bracket. We recall the quantum Lie bracket from 113 - 

DEFINITION 5.1. For qi £ K* = K\{0} and i = 1, 2,... s — 1, the Lie q-brackets 

[oij 02> • • ■ i <is ]( gi ,g 2 , ...,q a -i) and [ai, a 2 ,a s ]{ ?1 , g2 ,..., are defined inductively 
by 


[ai, 02 ] Vl = 0102 — V\ 0201, 

[ Ol, 02 , • ■ ■ j O s ] ( Vli t>2, ..., v a -i) = [ Oi, . . . , [o s _i, a s ]-ui] (n 2 , ..., Vs-i ), 

[ Oi, 02 , • ■ • , O s ] ( Vl t v 2 , ..., v a -\) = [[01,02]^! • • ■ , O s _i ] („ 2i ... t v a _ 2 ) 

It follows from the definition that the quantum brackets satisfy the following identities. 

(5.1) [a,bc] v = [a,b] q c +qb[a,c]&, 

(5.2) [ab,c] v = a[b,c] q + q[a,c]^b, 

(5.3) [o, [b,c] u ] v = [[a,b] q ,c]ss. +q[b, [o,c]|]|, 

(5.4) Ha,b] u ,c] v = [a,[b,c] q ]m - +q[[a,c]±,b]±. 

In particular, we have that 


(5.5) [ o, [ b \,..., b s ]( Vlt ..., u s _i) ] ^ ' [ b \,..., [ o, bi ],..., b s ] ^ Vl t v a —i ), 

(5.6) [a, a, &](u,-u) = a 2 b — (u+w) aba + (m;) ba 2 = (uv)[b, a, a]( u -i )V -i>, 

(5.7) [a, a, o, &](u 2 ,™, „ 2 ) = a 3 h — [3] Ujl; a 2 6a + (uv)[3\ u , v aba 2 — ( uv) 3 ba 3 , 

a 2 ba 2 

U,V 

— (ito) 3 [4] u ^ aba 3 + ( uv) 6 ba 4 . 


(5.8) [ 0 , 0 , 0 , 0,6 ,u 2 v,uv 2 ,v 3 ) ah o ba-\- 


uv 


where [n\ U}V 


5.2. Quantum root vectors. In this paragraph, we define the quantum root vectors 
using the ^-bracket. For our purpose, we need to fix a particular path to realize the maxi¬ 
mum root of go- 

Let 9 = a.i h _ 1 + • • ■ + ai 2 + a lt be the maximum root and let 
(5-9) Xg [&ih-i , i^ih -2 > ' ' ■ 1 ] ' ' ' ] 

be the corresponding root vector in the Lie algebra go, which gives rise to a sequence from 
(1,..., n}: ii, * 2 , ■ ■ •, ih-i- We call such a sequence a root chain to the maximum root. 
Clearly root chains are not unique. 

From now on we fix such a sequence or root chain to the maximum root: i\ , < 2 ,... ,ih-i- 
We define for 2 ^ k ^ h — 1 

(5.10) 4~ ■ ■ ■ 4* ocj ik _ 1 , oti k ) — efc 7 ^ 0. 


Remark 5.2. Using the above fact, we fix root chains to the maximal root 6 for our 

five twisted cases as follows. 

( 2 ) 

( 1 ) For the case of the root chain is 

0.1 —> a.2 —> ■ • • -> ctn-i o: n —y o: n _i 0:2 
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(2) 

(2) For the case of A 2 „, the root chain is 

OLi —y q .2 —y ■ • • —y oc n —y ot n —y oi n —\ —y • • • —y cz\ 

(2) 

(3) For the case of L, the root chain is 

a n ot n - 1 —>•••—> ai 

(2) 

(4) For the case of Eg , the root chain is 

—y a 2 —y c^3 —y 0L4 —y gl2 —y 0^3 —y 0.2 —^ c^i 

(5) For the case of D\ , the root chain is 

Cti —>• tt2 —> Oi\ 

Note that the root o:q = 8 — 9 in the affine Lie algebras. In the following we list the 
quantum root vectors x^{\) and x^ (—1) for root vectors eo and /o respectively, corre¬ 
sponding to the root chains given above. 

Case(I) For A^_ lt if au = ol\ H- \-a t (2 ^ t ^ n) and an = ai, we define the 

quantum root vectors associated to the roots 6 — au and —8 + au inductively as follows: 

x it( l ) = x a lt ( 1 ) = *r (t -i)Wk 

X 1 1( 1) X ait( [ x i(t — 1) ( — ^)> x t (®) ] (t— l,t) —1 -"(l,t) —1 • 

Denote Pu = ai H-b a n + a n -1 H-b a t (2 < t < n - 1), so Pi( n -i) = 

ai„ + a n -i, and 0 = j3\2- We define the quantum root vectors associated to the roots 
8 — /3it and —8 + fin inductively as follows: 

VltO-) = X 0i t ^ = I 2 '* (®)> 2/l(t-l) (1) ] (t,t+l)---(t,n)(t,n-l)---(t,l) j 

Vlt(~ 1) = X @ lt (~ = [ 2^1 (i—l)( — 1)> X t (0) ](t+l,f) _1 —(n,f) _I <n——(l,t) -1 ■ 

In particular, 

^(!) = V^i 1 ) 

[ x 2 (0)j • ■ * ; X n— 1 (^)? X n (0); * * • J X 1 (l)](s, ...,s,s 2 ,r -1 ,...,r -1 )’ 

[^1 ( “0 7 ■ ■ * ) X n (0) i X n— 1 (^) ; • • • > x 2 (^) ] (r, ..., r, r 2 , s — 1 , ..., s~ 1 ) * 

Case(II) For A^, if au = a\ -b a t (2 < f < rt) and an = ai, we define the 

quantum root vectors associated to the roots 8 — au and —8 + au inductively as follows: 

X 11 (1) x otit (1) i x t (0) j x \(t— l) (1) ] —1>—(t, 1) i 

X 11( -0 x a it ( 1) — 1)> x t (®) ] (t— l,*) 1 —(1>*) 1 • 

Denote pu = ai + • • • + a n + a n + a n —\ + a n _2 -b • • • + at (1 ^ t n ), so 
Pin = ai n + a n , and /3n = 6. We define the quantum root vectors associated to the roots 
8 — pu and —8 + Pu inductively as follows: 

Vl t(l) = X f) j t (l) = [ x t (0)> 2/i(* —1)(1) ]<*,t+l)---(t,n) 2 (t,7T.— 

where the initial one is x^(l) = 2/n(l). 

2/lt( 1) = x f3 lt i~ 1) = [2/i(i—1)( X t (®) ](t+l,f) -1 —(n,i) _2 (n— l,t) -1 — (l,t) -1 i 
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where the first one is Xg (—1) = yti (~!)■ 
In particular, 


x 0 (!) = Vini 1 ) 

= [®r(0)i ■ ■ ■ 7 x n (0); X~(0), (!)](«, ..., s , (rs) i, r 

4(- 1 ) = yi + n(-l) 

= [4(-!)> •••,<4 (0), 4(°)» ■■•.4(°)] {rj ... jT ., (rs) ^ 


(2) 

Case(III) For v if a nt = a n + a n -i H -h a t (1 < t ^ n) and SO 

9 = o n i. We define the quantum root vectors associated to the roots 5 — a n t and —6 + a n t 
inductively as follows: 

x nt(X) = x a nt ^) = \ X t (0)j X n(t— 1) W ] <t,t+l) — <t,n> ; 

X nt ( 1) X a n t ( 1) I X n(t — 1) ( -0 > X t (0) ] (t+1, t) ~ 1 •••(«,t) _1 • 

In particular, 

x e (1) = X n l(^) = [ X 1 (0)> ' • ' ! X n (1) ](r -2 , ...,r -2 )) 

44 1 ) = 4t(-i) = [4(-i)» ■ ■ ■ > 4 (o)]{ S - 2 ,..., s - 2 >- 


Case(IV) For if rjj = a ix + a i2 + ■ ■ ■ + a ij where (z fe |l < k < 8) = 
(1,2, 3, 4, 2, 3, 2, 1), so 9 = r/ 8 . We define the quantum root vectors associated to the roots 
6 — r]j and —5 + r]j inductively as follows: 

z j (1) x rij (1) z j— l(l) 

4(-!) = <■(-!) = 14 - it- 1 )’ .-o> '• 

In particular, 

x e (!) = M 1 ) 

[ *^1 (0)i x 2 (0): 213 (0)> X 2 (0)? x 4 (0)? • • • 3 •t'l (l)](s,s 2 ,s 2 ,r -1 ,s 2 ,r -2 s -1 ,r -2 s -1 )i 

x+(-i) = 4(-i) 

[*^1 ( 1)? * • • ? *^4 (0)? 3^2 (^)’ ^3 (^)j ^2 (^)j *^1 (0) ] (r, r 2 , r 2 , s -1 , r 2 , i — 1 s -2 , r~ 1 s~ 2 ) • 


(3) 

Case(V) For D\ , we only consider the quantum root vectors associated to the roots 
S — Qi — £*2, <5 — 9 and —S + a.\ + 02, —5 + 0, where 9 = 2a± + a 2 is the maximal root 
of G 2 . 

*r 2 (i) = [*2(0), (!) ]» 3 > 

(!) = [24 (0), *2 (0). (!)]( S 3 ,r-- 2 s -i)- 

On the other hand, 

X+(-l) = [4(-l), 4(0)]r3, 

and 

4( -1 ) = [^C- 1 ): 4(°)> 4(°)]<r-3,r-i S - 2 >- 


14 


JING AND ZHANG 


5.3. Two-parameter Drinfeld isomorphism theorem. In this subsection, we estab¬ 
lish the isomorphism between the two-parameter quantum affine algebra lI r: . s (g' T ) and the 
(r, s)-analogue of Drinfeld quantum affinization of U rtS (g a ). The identification of these 
two forms has been proved for the case of s[ n in jHRZt We will give a new proof for the 
most general case in the next two sections. 

We keep the same notations and assumptions as above. In particular, i i, ..., ih-\ is 
the fixed sequence associated with the maximum root given in Eq. (ET9l >. 

For simplicity, we denote 

(ij, ij-1 .. -*2*1) = ( ij , ij— i) • • • (ij, *i), 


and 


(*i*2 ■ • • ij —ij ij) — {iii ij) ■ ■ ■ (ij —ij ij) 


For j = 2, .... h — 1, let f j = ———, 

J 5 ’ L j n. —Si ■ 

l 3 % 3 


Pij — (ij 5 ij —1 * * * ^2^1 ) J 


and 


Qij — (?i^2 ■ ■ ■ ij—x ; ij) 


-l 


Now we state our main theorem as follows. 


Theorem 5.3. Let 9 = a ^ + • • • + o , -i h _ 1 be the maximal positive root of a simple 
Lie algebra g and fix the associated root chain. Then there exists an algebra isomorphism 
T 1 : U r , s (Q a ) — > T^r-,s (fii CT ) given as follows. For each i £ /, 


LOi 

WO 


7 ' 


e* 

Si 

eo 

/o 


LOi 

4 

7 _1 w ;- 1 

7 ±i 


4 ( 0 ) 


-*i (°) 

Pi 


■(1) -(7' 


/-I , -1 


where ujq = uJi- 


U *h -15 ^0 


Pi = 


(7 )-4(-l) 

w' and 

L h — 1 

if <r(i) = i 

otherwise 


The constant a £ IK is given as follows: 


a = 


(rs) n 2 , 

f or 

4 ( 2 ) 

A 2n-1 

(r-s)— 2 [ 2 ]- 2 , 

for 

a (2) ■ 

A 2n > 

( rg ) 2 (Tl- 1 ) , 

for 

£)( 2 ) 
^n+l 

(rs) 2 , 

for 

n( 3 ) . 


for 

-^6 • 
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We divide the proof into three steps corresponding to three theorems: (Theorems A, 
23, C), which will be proved in the following two sections. 


6. 'f is an algebra homomorphism 

In this section, we show that d/ is an algebra homomorphism (Theorem A). The proof 
will be divided into five cases. 

Theorem A. The map if defined above is an algebra homomorphism from (7 r . jS (@ <T ) 
to U r>s (g c7 ). 

Let E it Fi, oJi, u}[ denote the images of d, f t , w,, w- (i £ /) in the algebra U r!S (g a ) 
under the map 'f respectively. We shall check that the elements A ,. A ,, uj t , uj[ (i £ 
/), 7 ± 5, 7 ,=t 5 satisfy the defining relations (X1)-(X6), where (X = A, 23, C, T>, £) are 
given in Definition 3.1. First of all, the defining relations (X1)-(X3) can be verified di¬ 
rectly as in the untwisted case 1HRZL so we are left to check relations (X4)-(X6) involved 
with i = 0 case by case. 


6.1. Proof of Theorem A for the case of U r , s (For relation (A A), when 
i 0, it follows from definition that 

[E 0 ,Fi] = a[xg( 1) • (7 , “ 1 w e ' 1 ), —(0) ] 

Pi 

= *9 (!)]<<, 

To prove this, we need the following technical lemma, which is proved similarly as 
untwisted types (see SHZ21). 


Lemma 6 . 1 . 

The following identities are true. 


(6.1) 

[ a 'i_l(0)> 2/i_ij+i(l)]s- 1 =0, 

1 < i < n, 

(6.2) 

[ X i (0)> Vii+l(l) ] (r-s) — 1 = 0) 

1 < i < n — 1 

( 6 . 3 ) 

[*2 (°). Vlii 1 )] = °> 


( 6 . 4 ) 

[*r(°)» vu+ 2 (!) ] = °> 

1 < i < n — 2 

( 6 . 5 ) 

[^-t(o), yfi+ii 1 )} = o, 

2 < i < n — 2 


Proof. For (6.1), it is easy to get that 


Hi- li+iO-) = [^+i(°)’ ■ • ■ > x n (0), a;„_ 2 (0), ..., x i+1 (0), 

[ x i (0)j x i — l (1) ]s ](s,...,s,i—— x ) 

= -(rs)5 [xr +1 (0), ..., x~ (0), x~_ 2 (0), ..., x^O), 

[ a 'i-l(0)i x i (l)]i— 1 ] ( s> ..., s , i—i,..., r—!)' 
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Then we have that 


= -(rs)5 ^(0), [*r +1 (0), ■ • •, x~(0), x~_ 2 (0), ^(O), 


\ X i— 1(0)> X i (1) ]r 1 ] ( s> s , r -i, r - 1) 

= -(rs)3 [*r +1 (0), • • • > X n (0), X"_ 2 (0), • ■ • , * i+ 1 

[^ 1 - 1 ( 0 ), x i _ 1 (0),x i (1 )] (T —]/ s 
^ v,_ 


x 4J _, (0), 

, 1 —!) 


r — 1 


(by (El & (D9i)) 
(=0 by (D9 3 )) 


= 0 . 


For (6.2), we argue inductively on i. The case i = n— 1 follows from definition: 


[Vl(°). S/n-lnWlM- 1 = [®n-l(°)> X n (1) ] (t-b) —1 = 0. 

Suppose (6.2) holds for the case of i, then we have for the case of i — 1 that 


Vi-ui 1 ) 

= [®r(0). •••» x 
*r( 0 ), •••> *n 


n —2 (0); ■ • ■ > (0); x i— l(l) r 

(o), ®-_ 2 (°), Vi(0)] r 


- ( s , s, 1 — 1 , r _1 ) 

(by<El&(D9i)) 


= r X S ^ (0), [X i+1 (0), ..., X n (0), X n _ 2 (0),...,Xi (l)]( s ,...,5 1 r- 1 ,...,r-i), 

x i-\ (0) ] (T . )r ._ 1} (by definition) 

= r -1 s [x~ (0), y~ i+1 ( 1), x^^O)]^-!) (by El) 

= r -1 s [ [x~ (0), 2/i~i + i(l) ](rs)- 1 j x^l 1 (0) ]„ (=0by inductive hypothesis) 

+ r ~ 2 [y~ i+1 { 1 ), [x x ( 0 ), x l "_ 1 (0)] s ] r 2 s 
= r " 2 [y~ i+1 { 1 ), K“( 0 ), x l "_ 1 (0)] s ] r 2 s . 

Using the above identity, we have 


[ x i _ 1 ( 0 ), 2 / i _ li ( l )] r -2 


—2 


—2 


X i—1 (0)? [Vu + l(i), [x~ (0), X^1 1 (0) ]s ] r2 

[*r-r(0). Vii+ 1 C 1 )]*- 1 , K 7 (°)> ^“-i(°)] 
^y~ i+ i(i), [ x^—i (0), x~ (0), Xj^_-y (0) ] ( 5 ,1 i) 


- (rs) 2 


(by (El l 


[x i _i(0), y ii+1 ( l)] r -i, [Xi (0), x i _ 1 (0 )) s 


(=0 by (D9 3 )) 
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At the same time, we also get 

K-iW, vii+ 1(!)]r—i 

= K-tW, [z“ +1 (0), ■ ■ ■ ,x~ (0),x“_ 2 (0),..., 

Xj+i (0) ; (1) ] (s, s, r -1 , ..., r -1 ) ]r -1 (by(E9i)) 

= [A+l(°)> ■■•.*n(°) > *n-2(0),.-.,*r+l(0) l 

[x^L 1 (0), £~(1) ] r -i ]( Sj ....r- 1 ) l?— 1 (by the definition) 

= ~{rs)~ *[atT^i(O), ■■■,a:“(0),a:-_ 2 (0),...,a:^ 1 (0), 

[x“(0), a;t^ 1 (l) ]s ]( s , ..., s ,r—i, ]r-i (by definition) 

= -(rs)~iy^_ li+1 ( 1). 

Therefore we get 

[tCj_i(0), y i _i j(l) ] r - 2 

= -r-is~?[yr_ li+1 (l), [zr(0), 2 ^( 0 )] s ] ra (by (El) 

= -r-h-?[[y-_ li+1 {l), x~ (0) ] r , a^i( 0)] s 2 (by definition) 

— r~^ s~^[x~ (0), [y-L li+1 (l), ^(O) ] s ] r -i s 

'- . -' 

= (rs)- 1 !^" ^(1), a^i(0)] s 2. 

Expanding the two sides of the above identity, one gets 

(l + r“ 1 s)[a: i r 1 (0), ^.(1)] (rs) -i =0, 

which implies that if r ^ —s, then [x)L 1 (0), y~_ 4 j(l) ]( rs )-i = 0- Thus we have checked 
(6.2) for the case of i — 1. Consequently, (6.2) is true by induction. 

For (6.3), we first note that 

[^(O),?/^ 1 )] (by definition) 

= [z:T( 0 )> [ x 4 (0), - - • 5 x~ (0), x~_ 2 (0),. ■ -, x 4 (0), trr 4 (l) ] (s ,..., s ,r—i,...,r—i) ] 

(by El & (D9i)) 

[*^4 (0)) ■ ■ ■ j x n (0), £ ra _ 2 (0), ■ • •, x 4 (0),|^X2^(0^,( s jSj ,—— i). 


So it suffices to check the relation [a; 2 (0), x 14 (l) ] = 0. 
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In fact, it is easy to see that 


[x 2 (0), x 14 (l)] r -i s 

(by definition) 

2 (^)? [ *^3 (0)) %2 (^)j ^1 (l)](s,s)]?— 1 s 

(by El) 

= [®2 (0)) [*3 (0), X 2 (0)] s , a:r(l)]]( a ,r-i s) 

(by El) 

+ s|> 2 (0), X 2 (0), jx 3 (0), Xi (1)]J ( i ir -i s) 

(=0by (D9r)) 

= [i X 2 (°): [^3 (°)> X 2 (0)]s]r-i, X 1 (1)] S 2 

(=0 by (D9 3 )) 

+ r x [[x 3 (0), x 2 (0)] s , [x 2 (0), X 4 (1) ]s ]rs 

(by definition & (15.4b) 

= f _1 [^(0), [%2 (0)i [ x 2 (0)i (!) ]s ]r- ] S 2 

(=0 by (D9 2 )) 

+ [[x 3 (0), x 2 (0), x 1 (l)]( s , a ), x 2 (0)] r -i s 

(by definition) 

[^14(1)? %2 (^) ]i— 1 s* 


Then, we obtain (l + r _1 s)[x^"(0), xj~ 4 (l)] = 0. When r ^ —s, we arrive at our required 
conclusion [x 2 (0), xj” 4 (l) ] = 0. 

Eqs. (6.4) and (6.5) can be verified similarly, which are left to the readers. □ 

The following three lemmas are needed for later purpose 


Lemma 6.2. One has that [x“(0),x^ 1 (0),x“(0),xL_ 1 

O 

II 

1 

S- 

1 

0 s 

PROOF. Using BT31 and the Serre relations, we have 


\ x i (0), [Xj_ 4 (0), x i (0), x i+1 (0)](,—1 ]7 —i)]i—i s 

(using (15.3b ) 

= \ x i (0), [^2 — 1(0)) X i (0) ],— 1, X i4 _ 4 (0) ](,— 1 ,r~ 1 s) 

(using (15.3b) 

+r~ 1 [x~{ 0), x~ (0), [x“_ 4 (0), x^ +1 (0)]] (ljT .-i s) 

s - ^ ' 

(=0 by the Serre relation) 

= \[x i (0), [x i _ 1 (0), x i (0)] r -i] a , ® j+1 (0)] r -2 (=0 by the Serre relation) 

“I -5 ! [ X i— 1 (^)j X i (^) ]i— 1 5 \ X i (®)» X i-\-l (^) ]r _1 ](rs)' 

-1 (using (El) 

= s[x"_ 4 (0), [*r(0), ®2 r (°)) Zi+lWkr-Ls-ulr- 2 

(=0 by the Serre relation) 

~H [*2—1(0) , x i (0), x i+1 (0) — i), x i (0) ],— i s , 



which implies that (1 + r 1 s)[a; i (0), [a; i _ 1 (0), x i (0), Zj+iW ](r-i, r- 1 ) ] = 0. Thus if 
r ^ — s, then 

[*r(°)» [ClW. *r(0), ^l(°)](r-l,r-i)] =0. 

□ 


Lemma 6.3. Using the same notations, we have [* n _i(0),a; lT1 _ 1 (0)] r = 0. 
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PROOF. Combining l5.3l with the Serre relations, we get 


[ X n -1 (0) ) X 1 n-1 (0) ]r 


(by definition) 


= [Vi(O), [ai“_i( 0 ), x~_ 2 (0), x^-at 1 )]^)]*- 

= [ai“_i( 0 ), [a;“_ 1 ( 0 ), x~_ 2 (0)] s , x^„_ 3 (l) ] (Sir) 

+ (0), tc“_ 2 (0), [ai“_ 1 (0), ^ n _ 3 (l)]i] (1>r .) 

S -V-' 

= [[*n-l(0)> * 11 - 1 ( 0 )) X n _ 2 (0) ](s,r)> *lra-3(l)]s 


(using ( 15.31 )) 

(using ( 15.31 )) 

(=0 by the Serre relation) 
(=0 by the Serre relation) 


+ 7 ’[[*n-i(°)) *n- 2 (°)]s> [*„_i(0), x 1 n _ 3 (1)] 1 ] r -i s (=0 by the Serre relation) 

s ----- ' 

= 0 . 

□ 


Lemma 6.4. We have that [x n { 0), x ln (l) ] r 2 =0. 

PROOF. Using 15731 and the Serre relations, we obtain 
[x“( 0 ),x]" rl (l )] r 2 (by definition) 

= [x“_ 1 (0), [x“(0), x“_ 1 (0), x)“ n _ 2 (l) ] (Sj s 2 } ] r (using (El ) 

= [*n(0)) [*n(0)) *n-l(0)]s 2 ) x \n- 2 ^)]{s,r 2 ) (using El) 

+ s 2 [x~(0),x~_ 1 (0), [x“(0), xj“ n _ 2 (l)]i] (s -i ir 2 ) (=0 by the Serre relation) 

v -^-' 

= [[*n(°). *n(0), *^-i( 0 )]( s 2 , r 2 ), Xi n _ 3 (l)] s (=0 by the Serre relation) 

--- 

+r 2 [[x~( 0), x“_ 1 (0) ] s 2 , [x~ (0), x[- n _ 2 (l)]i] r - 2 s (=0 by the Serre relation) 

V v ✓ 

= 0 . 

□ 

Now we turn to relation (.A4). 

Proposition 6.5. [x^O), Xg (1)] 0) _! = 0, for i e I. 

Proof. (I) If * = 1, (1,0} = rs. By Lemma 16721 fix i = 1, we immediately have, 

[ X 1 (0)) Xg (1) ](rs) — 1 = [ x i (0)) Vi i+i(l) ](rs) _1 = 0. 

(II) When i = 2, (2, 0) = s. By the definition of quantum root vectors, we get easily 
[x^"( 0 ),x^"(l)] s -i (by definition) 

= [* 2 "( 0 ), [*2 (0), *3 (0)) 2 / 14 ( 1 ) ](r-i,r-l)]s-i (using El) 

'-v--' 

= [* 2 ( 0 ), [[* 2 ( 0 ), x 3 (0)] r -i, yf 4 (l)]r-i ] S -1 (using El) 

+r~ 1 [x“(0), x~ (0), Jx 2 (0), yf A (l)]i](i, r -i) (=0by El) 

' S V ^ 

= [[*2 (0)) [*2 (0)> x 3 (0) ]r -1 ]s _1 ; l)]r-i (=0 by the Serre relation) 

'--- . -" 

+s _1 [[x 2 (0), x 3 (0)] r -i, [xf (0), j/f 4 (l)]i] r -i g (=0 by El) 


0 . 
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(III) When 2 < i < n, (i, 0) = 1. It follows from (15.31) and definition that 

(!) 

=[*2 (°)> • • • ,^“-i(0), ®r(0), x^i(0), 2/r*+2 ( 1 )](t—!) (using O)) 

= i x 2 (0)> •■•,x“_ 1 (0), [x"(°)> a;“ +1 (0)] r -i, yf i+2 ( 1 )]( r-L-.r- 1 ) (using (El) 

+ r ~ 1 \ x 2 (0)j • • • , X^li(0), xr +1 (0), [x~ (0), yi i+2 (l)]l](l,r-\...,r-i) 

V. v ✓ 

(=0 by El) 

[ X 2 (®) i • ' ■ J [ X i — 1 (0)j Xj (0), Xj_|_i (0) ] (,— l _ 7 —l), j_|_2 (1) ] (i—— J ) 

+ r~ 1 [:r^(0), • ..,[x~(0), x^O) ] r -i, [x^_ ^0), yi i+2 {l) ]i ](i, r - 1 ,...,r-i) 

S. v ✓ 

(=0 by (1631 )) 

= [ x 2 (0)> x"(°)> a;“ +1 (0)] (r .-i ir -i), yi i+2 (l) 

The above result implies that 

K“(°W(i)] 

= [ x i (0); \ x 2 (^)) ' • ' i [ —1 (0) > Xj (0), X i+1 (0) ](,— i,r—2/l i+2 ( ^ ) ] (r—— x ) ] 

(by (15.31 ) and the Serre relation) 

= [x 2 (o), . . • , [x i (o), [x i — 1 (0), Xj (0),s 1+1 (0)] (r —1,7— 1 )) Vl i+2(l)](i— 1 ,1)] (i— 1 ,...,r- 1 )- 

•-V-" 

Therefore it suffices to check 

Actually, it is obvious that 

[a ; r(0)>[ a; i"- 1 (0)> :z: r(0)> a: i+ 1 (0)] ( r-i,r-i )l yri+2(l)] ( r-i, 1) (using El) 

= [[x l _ (0),x l "_ 1 (0),x“(0),x^ 1 (0)] (r -i >r -i > i),y 1 “ +2 (l)] r -i (=0by LemmaEl 

■--- . ---' 

+[ [ x i-i(°), x i (0)> £m( 0 )](r-V-1), i X i (°)> 2/r*+2( 1 )]l ]r-i (=0 by El) 

S. v ✓ 

= 0. 

(IV) When i = n, (n, 0) = ( rs )~ 2 . Note that 

2/in-i(l) 

= [x“_i(0), x~ (0), ccr^_ 1 (l) ] (S 2 ;T —i) (using El) 

= [ [ X n— 1 (0)) X n (0)] r -2, Xi n _i(l)] rs 2 

T r* -2 [ x~ (0), [x“_ 1 (0), xf„_ 1 (l)]r-](r«)2 (=0by LemmaEl 

V --- - -' 

[[*®n— l(b)) x n (0) ]j— 2 > x l n—1 (1) ]rs 2 ) 
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Applying the above result, it is easy to get 

Un(0), Vin- l(!)] S 4 

= [^(0), lvi(°). (using (El) 

= [[*-(0), (=0 by the Serre relation) 

'-—v-' 

+ s2 [[ aJ n-l( 0 )> *n(°)]r-=>, [Zn(0), ^ln-lC 1 ) ]a a ]r (using El) 

= S 2 [^_i(0), [tc~(0), x^ n {l )} r 2 ] r -3 (=0by LemmaEl 

+r 2 s 2 [[a;-_ 1 (0), x^ n (l)] r -i, x“(0)] r - 4 
= r 2 s 2 [[xi_ r(0), xi n (l)] r -t, z“(0)] r -4. 

Expanding two sides of the above relation, we have that 

(l + r~ 2 s 2 )[ £"(()), t/fn-iC 1 )]^) 2 =0. 

So, if r ^ — s, it holds that 

[ X n (0)) 2/lri — l(l) ] (rs) 2 0- 

Consequently, using (15.31 ) and Serre relation repeatedly, our previous result implies 
immediately that 

[ xi (0), Xg (1) ] rs (by definition) 

= l X n (0)> l X 2 (0)) • ■ • ) X n—2 (0); 2/l n_ l(l) ](r _1 , ...,r— x ) ](rs) 2 

= [x 2 (0), . . . , £ n _ 2 ( 0 ), [x n (0), J/i„_i(l) ](rs) 2 ](i — 1 , ...,j— x ) ]rs 

'-V-' 

= 0. 

Hence Proposition l6.5l is proved. □ 


Next, we turn to the commutation relation in (.A4) involved with i = j = 0. 

Proposition 6.6. [ E () , F 0 } = - ' e ,Z ., —• 

Proof. First we consider 


[E 0 ,F 0 ] = (rs) n 2 [x g { 1)7' 1 u > 8 1 , 7 1 u' e ^(-l)] 

= (rs) n ~ 2 \_Xq (1), x~g (—1) ] • (7 _1 7 ,_1 we _1 a;e _1 ). 

Recall the constructions of Xq(1) and Xq{— 1) in the present case. 

X 6 (1) 2/l2(l) \ X 2 (^)j • * • 5 x n (®)j X 1 n—1 (1) ](s 2 , 1 — 1 , •••,?— x ) > 

= [ [ AU 0 ) ]r 2 , ^-l(0)] S -H • • • ,^(0) ] s -i- 

Using the result for 1 MHRZ1 , one has 

7W« ln -l -'/wbu-! 


i-if- 1 )] = 


r — s 
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Using a similar calculation, we have that 

\xin(X), x in(~ 1 )] (by definition) 

= [[®n( 0 ), xf n _ it 1 )]* 2 , [*?„_!(-!), ®+( 0 )]r 2 ] (usingEl) 

= [ [ [®- ( 0 ), x+ n _ x (-1) ], xf n _ x (1) ] s2 , Z+ (0) ] r 2 (=0 by (El and (D9)) 

+ [[*n(0), [®r»-t(l)> atl'n-iC- 1 ) ]]«=>> x n (0) ]r= (using (D 6 ) and (D9)) 

+ l x tn- lM). [[®n(°)> *n(°)]. x in-i( 1 )}s 2 ]r^ (using (D9) and (D 6 )) 

+ l x tn- i(-l), l x n (0)i [*r„-i(l),^(0)]] s ^ (=0 by El and (D9)) 


7<i, 


r — s 


-( 

r — s 


■7^a lT 


r — s 

We can proceed in the same way to obtain 
[yin-iW; Vin-ii- 1 )} (by definition) 

= [ [ 1 (°)> x lni^)]i —[ I l'n(- 1 ).^( 0 )]»- 1 ] (using El) 

= [ [ [ X n—i (0)? ^nC- 1 )]. ^lnWlr-L s+.^O) ] s -i (using E1.(D9) and El) 

+ [[z“_i(0), [%„(1), ^ n (-l)]]r-i, *+_i(0) ] s -i (=0 by the above result and (D 6 )) 
+ [<(-1), [[*"_!(<)), 4-t(0)], *r„(l) ]r-i ].-i (=0by (D9) and (D 6 )) 

+ [ a an(- 1 )> [Zn-i(0), [affnC 1 )) ^n-i(°) ] ]r-i ] s -i (using E1.(L>9) and El) 


-1 , , ,-l7<„-7V, 


=(rs) 
=(rs) 


r — s 

-7 'wp ln -i 


+ ( rs)~ 


m ^n —1 


r — s 

By the inductive step it is obvious that 

[2/12(1). 2/l2(—1) ] = M 

Hence we arrive at the required relation. 




r — s 


□ 


We pause to recall the following fact, which will be used in the sequel. 

Lemma 6.7. If X £ U q (go) + , and [A, F/.] = 0,Vfc £ I, then A = 0. On the other 
hand, If X £ U q (go)~, and [A, Ek ] = 0, Vfc £ I, then A = 0. 

We now return to check relations (715) and (716). Indeed, relations (715) or (716) can 
be obtained from the other one by applying r. The following three relations are the main 
statements. 


LEMMA 6.8. Using the above notations, we have the following relations: 

(1) [E 0 , E n ]( rs )-2 = 0, 

(2) [E 2 , E 2 , £'o]( s -i,r- 1 ) = 0, 

(3) \E n — i, F n —\ , F n — 1, fn ](r- 2 , (rs) _ 1 , s - 2 ) — 
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PROOF. (1) Combining the definitions and Drinfeld relations, we see that 

[Eo, E n ,] ( rs y 2 

=a [xq (1), x+(0)] • 

—a [®a (0), x“_i(0), [at-(0), tc+(0)],a;7„_ 1 (l)] (s2ir _ 1 

=« [^(0), [Ot~_l(0), x ln-l(X) ]r ’ ' ‘ tttn ] (r - 1 ^ ^ r - 1) ' 

= 0 , 

where the last step follows from the following calculations 

[ X ra-l(0)) X lra-l(l)]»~ 

= [ x n-i(0), [or-_i( 0 ), at“_ 2 ( 0 ), xi n _ 3 (l)] {s , s) ] r (using (El) 

"-V-' 

= [^-_t( 0 ), [*-_i( 0 ), *-_ 2 ( 0 )] a , ®r„_ 3 ( 1 )](.,r) (using Oo 

+s[ x ^_i(0), X~_ 2 (0), [ot“_ 1 (0), H'i" n _ 3 ( 1 ) ]i ](i,r) (=0by (D10 2 )) 

= [[ x n-l(0), x n-l(0), x ^- 2 (0)]( s ,r), (using <ES» 

^ . -' 

+r[[x“_ 1 ( 0 ), x"_ 2 ( 0 )] s , [ot“_ 1 ( 0 ), x r„- 3 (l)]i]r-i s 

V -v-' 

= 0 . 


(2) Relation (D9) yields directly that 

[ X 2 ( 0 ); Xg ( 1 )] 

= [[x^(0), x 2 (0) ], 

+ [ x 2 (0): x n(0), •••, x 3 (°)> [ x 2"(°)> x 2 (0)], C 1 ) ] (s ,.... s , ^,.-1, 

=(rs)" 1 t/f 3 ( 1 )w 2 , 


1 — 1 ) 


The statement (2) follows from the above results and I x ^( 0 ), y 13 ( 1 )} = o, which 
holds by direct calculation. 

(3) Denote that X = [F„_i, F„_i, F„_i, F n ]( r -2 j (rs)-i, s~ 2 )- It is obvious that 
X £ lf r s (g cr ) _ . Therefore, by Lemma [6)71 in order to prove X = 0, it suffices to check 
[x7(0), X ] = 0 for i £ I. For i not equal to n — 1 or n, the claim is obvious. So we only 
need to verify the cases of * = n — 1 and i = n. 

First we get from relation (D9) in the case of i = n, 


[x+(0),X] 

= 2 (l X n(0)) [ X n — 1 (0) 5 x n,_l(0)) X n—1(0)> x n (0)](,— 2 , (rs)” 1 , s" 2 ) ]j 

2 —l(®)> X n—1(0)) X n _ i(0), [x n (0), x n (0) ] ]( 7 ~ — 2 , (rs) -1 , s~ 2 )^ 

r - 2 s -6 

= -^- Vn[ x n-l( 0), x „_l(0), X n _i(0)] (r .-l Sj i) 


=0. 
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One sees that the same is true for i — n — 1, 

[4-i(o),*] 

2 1(®)> [®n—1(^)> ®n—1(®)> • z 'n—l(0)i *®n (6) ](i— 2 , (rs) _1 , s -2 ) 

2 (t I ^n— 1 (6) ) *^n—1(0)]> %n— l(®)> ®n—1(®)> **'n(®)]()— 2 , (rs) _1 , s -2 ) 

+ [*n-l(°)> [<_l(0), ^n-i(O)], ^(O), X~ (0) ](r-2, (rs)- 1 ,®- 2 ) 

“I” [ X n— l(0)> x n -1 (0)) [ x n— 1 (^)j X n— 1 (0) ]> X n (0) ] (r -2 , (rs) -1 , s -2 )^ 

(rs)~ 2 (r + s) 


2 

( rs)~ 2 (r + s) 


[x n — 1(^)> ^n— 1(0)) a; n (0)](,— 2^ ( rs )-l-)UJ n —i 
[*n_l( 0 ), *^-l( 0 ), X^(0)] (r -2 i(r , s) -l ) w n _ 1 


= 0 . 


Consequently, theorem A is proved for the case of A ^ j. 


□ 


6.2. Proof of theorem A for the case of [/ r . s (A^). Let us turn to the case of a!} 2 J . 
Similarly we only show some key relations (234)-(236) involving i = 0. 

When i 0, observe that 


[E 0 ,Fi]=a[x e (1) • (V x u e 1 ), — x i (0)] 

Vi 

= ~ [ x 7 (0), *9 (!) ] {it 0 >—i (V-V 1 ). 

Hence, in order to verify relation (234), it is enough to check the following result. 
Proposition 6.9. [x“(0), xj (1)]^ = 0, for i e I. 

Before giving the proof of Proposition ^. 91 we need the following crucial lemma which 
can be proved directly. 

LEMMA 6.10. One has that 

(6-6) [xr 1 (0),yr i+1 (l)]=0, 

(6-7) [x~ (0), 2/ij(l) ] s -i = 0, 

(6.8) [^_ 1 (o),*r n (i)]=o, 

(6-9) [*n- 1 (0),*rn- 1 (l)]r = 0 

(6.10) [*n(0 ),»r n (l)]r = 0. 


1 < i < n 
1 ^ i ^ n — 1 
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Proof of Proposition [679] (I) When i = 1, (1, 0) = s 2 , one gets from the above (16.61) . 

[xj~(0), Xg(l) ] s -2 (by definition) 

= [xf (0), [xf (0), x 2 (0), S/i^OOkr- 1 , (*■«)-») ]«- a (using (ES) 

v ---v-' 

= [^r( 0 ),[[xr( 0 ),;r 2 -( 0 )] I .-i,yr 3 ( 1 )]( rs )-i] s - 2 (using EB) 

+t~ 1 [xi (o), *2 (o), jxj~(o), yr3( 1 )]«- i J (i,«- 2 ) (=0b y <Em>> 

= [ [x^~(0), [x^(0), Xj (0) ] r -i ] s -i, y^ 3 (1) ] r -i s -2 (=0 by the Serre relation) 

'---—-V-‘---' 

+s^[[xr(0),x 2 -(0)] r -i, [xf(0), yf 3 (l)] s -i] r -i (=0by ESI) 

= 0. 

(II) When 1 < i < n, (i, 0) = 1. In this case, it holds by the following direct 
calculations, 

[x~ (0), Vii- 1 (!) ]r-! s (by definition) 

= K”(0),[x~_i(0), x~(0), t/r i+1 (l)] ( r-i,r-i)]r-i s (using E3) 

'-v--' 

= «/r i+1 (l)]r-i]r-i S (using El) 

+ r_1 [ a: i~(0), x-(0), [x^l 1 (0), Di i+ i (1) ]i ](i,3—!«) (=0 by ESlO 

v -----' 

= [[xr(0), [xr_i(0), xr(0) ] r -i ] s , y^ i+1 {l)] r - 2 (=0 by the Serre relation) 

--—--' 

+s[[x“_i(0), x~ (0)] r -i, [x~ (0), 2/rz+i (!) ]r--! ](r«)-i ( by the definition) 

'---- 

= sIKwW, xr(0)] r -i, 2/r»(l) ](t-*)-i ( using E3l) 

= s[x^r(0), [x,“(0), 2/r*(l) ]«-i ]r—= (=0 by E3) 

V. y ✓ 

+ [K _ -i(°)> ( by the definition) 

= x“(0)] r -i s . 

As a consequence of above result, it yields that (1 + r -1 s)[x“(0), t/f i _ 1 (l) ] = 0. Under 
the condition r ^ —s, it follows that 

[x"(0), z/^-iW] = 0. 

Using the above result, it yields from an immediate calculation that 

[x“(0),Xg (1)] (by the definition) 

= [2h(0), X“_ 2 (0), [xr(0), J/f i _ 1 (l)]] (r -i,...,r-i) 


0 . 
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(III) When i = n, (n, 0) = (rs) 1 . Observe that, 

Vln- it 1 ) 

= [*n- 1 (°). *n(°)> tc-(0), (using O) 

= [[^n-l(°). ^n(°)]r-i, [ x i (0), x in-l (!) ] 8 ] {rs) A (using ESJ) 

+ r" 1 [x^(0), [x"-i(0), x~ (0), xrn-tWks,!)]^! (=0byg!) 

V ^ 

= [ [ \ X n- 1 (0)> X n (0) ]r _1 ) X n (0) > X 1 n— 1(^) ]j~s 2 

+ (rs)-%[x~(0), |[x“_i(0), x~ (0) ] r -i, (using gl) 

^ v* y 

= [ [ \ X n —1 (®)> X n (0) ]i— 1 ) x n (0) ]( rs )-\ > ^ln-lt^) ]rs 2 

+ (rs)-5[a;-(0), [*"_,((}), [x“(0), a^n-iC 1 ) ] s ]i } (r i j ) (=0by (ED) 

' s V* ^ 

+ (r -1 s)^[x~ (0), Jag~_ 1 (0), xj n _i(l)] r , ^(0)] (m _ 1iT .ij ) (=0by (0) 

= [ [ [ X n— 1(0); a; n(0)]r _1 ; X n (®) ]( rs ) _ i ’ n— 1 (1) ]j~s 2 

Applying the above result, one sees that 

[x n (0), 2/i n _i(l)]s 2 

= K(0), [[x^.^O), a;“(0)] r -i, x^(0)] (rs) _i, x^ n _ 1 (l)] (rs 2 iS 2 ) (using g3) 

[ [ X n (^)) l X n— 1 (0); X n (0) ]i— 1 > x n (0) ] ) X 1 n— 1 (1) ]i"s 3 

^-v----- 

+ s [[[ a: n-l( 0 ), arn(°)]r-i. ®n(0)] (rs) -*> [®n(°)i ^-lC 1 ) ]s ]ra (using gl) 
= s[[x“_i(0), ar“(0)] r -i, [a;-(0), a;f n (l)] (rg) i ]i (using gl) 

+rM[[K_i(0), x~ (0)] r -i, ®r n (l)] (ra) i. ®n(0)](r.)-i (using gl) 

= s[x“_ 1 (0), [x“(0), t/f ra (l) ] r ] r -2 (=0 by gH) 

+rs[[x“_ 1 (0), 2/fn(l)]r-i, ®-( 0)] r -2 (by the definition) 

v ----- 

+rM[[x“_ 1 (0), y{ n _ i(:L)] r -i, x“(0) ] (r . s) -i (by the definition) 

+rs 2 [ [ Jx~_ 1 (0), xj~ ra (l)]i , x"(l)] r _a s _i, x~ (0)] (rs) -i (=0byg8>) 

= rs[yi n _ i(l), ®"(0)] r -2 +r5 S 2[t/f„_ 1 ( 1), x“(0)] (rs) -i 

The above equation means that 

(l + r“M + r _1 s)[x“ (0), t/i" n _i (1) ]rs =0. 

So, if (r/s) 3 / 2 ^ 1, it follows that 


[ (0) , 2/ln-l(l) ]rs — 0. 
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By this result it follows from (15.3b and the Serre relation that, 

[z“(0), Xg (1) ] ra (by definition) 

= [®n(°)> l X 2 (0),.--, ^- 2 (°). 2/rr l -l( 1 ) ](r—1, r—1) ]r- S 

l x 2 (0)> • • • ) X n— 2(^)1 l X n (0)) Hi n—1 (1) ]rs ] (i—r _1 ) ]rs 

--v-' 

= 0 . 


Thus Proposition [679] has been proved. 

Now, we are ready to check the commutation relation (234), that is. 


Proposition 6.11. [i?o,-Fb] = 


Proof. First we observe that 


[E 0 ,F 0 ] = (rs) n 2 [x e (1) 'y' 1 u e \ 7 1 u' e ^(-l)] 

= (rs) n ~ 2 \_Xg (1), x~g (—1) ] • ( 7 _1 7 ,_1 we“ 1 w^ 1 ). 


Hence we have to compute the bracket [x 8 (1), x~g (—1) ]. Recalling the construction of 
Xg(l) and x~g (—1), we have by the inductive step that 


x 6 (1) 2/l2(l) [ X 2 (0)) ■ • • J X n (0)) X 1 n— l(l) ] (s 2 , 1 — — x )5 

a 4 (-1) = T(xg ( 1 )) = yf 2 (~ 1) 

= a:+(0)] r 2, ai+_ 1 (0) ] s -i,..., a;J(0) ] s -i. 


As a consequence of the case I1HRZII it follows that 




r — s 


Next, we consider 

[x^ n (l), x+ n (-l)} (by definition) 

= [[z“(0), a:^'„_ 1 (l) ] a , [ai^ 7l _ 1 (—1), x+(0)] r ] (using (El) 

= [ [ [ X n (0); 4„-r(-l) L xln-ii 1 ) }s, x t, (0) ]r (=0 by El and (D9)) 

+ [ [ x n (0)j [®r n -i( 1 ).4 n - 1 (-l)]].,^(0)]r (using E3. (D6) and (D9)) 
+ [ [cc~(0), x+(0)], a;r„_ 1 (l)] s ] r (using (D9), (D6) and EH) 

+ [4„- 1 (-l)= [ X n (0)) (=0 by E3 and (D9)) 

, u/ n -U n , 7"a lB _! -'/W'xin-i 

1 1 11 
T 2 — 5 2 T 2 — 52 

_7<*4 ln -7W ln 

I 1 

r 2 — s 2 
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Repeating the above steps, we also get that 
[ yIn ( 1 ), yin (■- 1 ) ] (by definition) 

= [[*n(0), *^'lTn( 1 ) ] (rs) ^ ’ [4n(-l)» *n(0)] (ri) i 
=[[[^n(0), x^ n (-l)}, a^ n (l)] (rg) i, 4(°)] (rs) § (using 4H3),(D9) and (ED) 

„ + t _1 \ 1 1 , rr-+t 


[[*n(0), [X ln {l), ^i„(—1)] ] (T . s) ^ , <(0)] (rg) i 

[ 4„ (■-1), [ [ *" (0), x+ (0) ], xf n (1) ] (rfl) 1 ] (rs) 1 (=0 by (D9) and (D6)) 

[^n(-!)> [^n(O), [xf n {l), 4(0)]] 


(rs)^ J (rs)’ 


(using ( 15.31 0 
ing dSHJ^Dt 
(=0 by the above result and (D6)) 
(=0 by (D9) and (D6)) 

(using (15.3b . (D9) and (15.51 0 


= —- T'yu^r 

r 2 — s 2 

r — s 7 w /?i r 


- w n 
1_ 1 
r 2 — s 2 


r-s W ain -'Y’u ai , 


r 2 — s 2 


r 2 — s 2 


7*2 — 52 7*2 — S2 

Now we arrive at 

,+ 


[yin-A 1 ), Vin-ii- 1 )} (by definition) 

= [[4-l(°), yin{ l )]r~', [Vint- 1 )’ 4-l(°)]s- 1 ] (using 0) 

=[ [ [^-i(0), ytn (-!)]> yin(X)]r-i, 4 (°) ] s -i (=0by using (E3 and (D9)) 

+ [[4-i(°), [yf n (l), t/^ n (-l) ] ] r -i, at+_ 1 (0) ] s -i (using the above result and (D6))) 
+ [yfn(- 1 ), [[4-i(°), 4-i(°)]> Vini 1 ) ]r-i Is - 1 (using by (D9) and (D6)) 

+ lvtn(- 1), K-i(0), [yr n (l),*+_i(0)]] r _i] a -i(=0by(D9)and63>) 


=M (—-r) 7 w ai 


- W n _ i 


r — s 


+ (rs) 4 


r — s 


7 * 2—52 

,_i. r-s 2 7^i„_i 


4 


■ 7w q 


■ 7 


~^n— 1 


=(rs)- i (^-r)*’ 

r 2 — 5 2 r — s 

At last, we get the following identity: 


[l/fiCO. 2/ii(—1)] = M "[2] 

So we have completed the proof of Proposition l6.11l 


2-nrol2^n 


r — s 


□ 


We now proceed to check relation (235). It suffices to verify two key Serre relations, 
others are similar. 

LEMMA 6.12. The following relations yield the Serre relations 

(1) [-1^1, E \, E\^ L/o](?—la- 2 , (rs)- 2 ,i — 2 S - 1 ) 0, 

(2) [E n , E n , E n , E n _i ]^_i = 0, 


Proof. (1) First we consider 

[4(0), Xfj (1)] ! 

= [ [ 4 (0), 4 (0) ], »r a (l) ] M -1 (=0 by (D9) and (D6)) 

+ \xf (0), ...,x~(0),x~ (0), ...,xf (0), [xf (0), xf (1)]] s (rs) i 

= - (77 , ) _ 4 2 ’i( 1 ) w i, 
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where 


2/2 1 (!) = [*1 (0), x n (0)) X n (0), ■•■Xg (0), x 2 (1)] 


(s,s, ( rs ) 2 5 r~ 


, 1 ,1 — 2 ) ’ 


Applying the above result, we have that 

[4(°)> 4(°), ate (l).] (lir _i s) 

= - ( 77')"3 [[a;+(0), (0) ], % 2 (l)] r _ 2 wi (using (D9) and (D 6 )) 

= - (77 , )"^(fs) _2 (r + s)jfo 2 (l)w?, 


where 


2/22( 1 ) = [*2 (0), • • •, X n (0), x n (0), ...x 3 (0), x 2 (1) ] 


(s, s, (rs)^, r 1 , 


As a consequence of these results, it follows that 


r -1 ,1) 


[El, Ei, Ei, £'o](r- 1 s- 2 ,(rs)- 2 ,r- 2 s- 1 ) 

=a [xf (0), 4(°), x+ (0), ^(l)] (l!r .-i S)r - 2 s 2 ) 7 ,_ 1 u ;^ 1 
= - a( 77 , )"^(rs)“ 2 (r + s) [4(°)> 4 2 (1)]4 = 0 (by (D9)) 

V ' ✓ 


(2) Denote Y = [E n , E n , E n , E n _ 1 


J ( r_1 ) ( rs) 2 , s -1 ) 


Itis clearthatF £ tI riS ( 0 <T ) + . 


By Lemma 16771 in order to prove Y = 0, it suffices to check [x~(0), Y ] =0 for is/, 
which is trivial for i not equal to n — 1 or n. 

In the case of i = n — 1, one gets that 


[4-i(o),4 

= [4( 0 )) 4(0), 4(0), l4-i(o), 4- 

= -r~ 1 s~ 3 u n -i[x+( 0), 4(0), 4(0)] 


i(0) ]] (r _i >( „)-i ja _i) ( usin g (° 9 ) and (D6)) 
1) 


= 0 . 


In the case of i = n, it is easy to see that 

[4(0), Y] 


=[4(°), [ 

4(o), 

4(o), 4(0), 4-i(°)] (r - 1 )(rs) -i jS 


=[[4(°)> 

4(°)]' 

, 4(°), 

4(°), 

4-i(o)] (r - 1 (rs) -i i 

s (using (D9) and (D 6 )) 

+[4(o), [ 

4(°), 

4(o)], 

4(o), 

4-1 (°) ](,.-!, (r8) -i, 

g (=0 by (D9) and (D 6 )) 

+[4(°), 4(o), [ 

4 (o), 4(o)], 

4 - 1 ( 0 )]^-^ 

(using (D9) and (D 6 )) 

S 1 ) 

= -(rs) 1 

[2 ]n[4 

(o), 4 

(o), 4- 

-!(0) ](r-i, (r S )~i) U}n 


+ (rsy 1 

[2]n[4 

(o), 4 

(o), 4- 

-i(0) ]( r -i,( rs )-i)4 



=0. 


□ 
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6.3. Proof of Theorem A for the case of U r . s {I)^\ A ). We now proceed to check 
those relations of (C4)-(C6) involving with i = 0. 

In order to verify (C4), it is enough to check the following proposition as before 

Proposition 6.13. [xf(0), x^(l)] 0) _! = 0, for i e I. 

The proof uses the following crucial and technical lemma. 

Lemma 6.14. [x“(0),a;TL 1 (0),x“(0),a:“ hl (0)]( r ,-2 ir ~2 il ) = 0 fori = 2, ... ,n - 1. 

PROOF. Combining [53] with the Serre relations, one gets 


[ x 7 (0)> [ 

X i— 1(®)> X i (0)? X i-\-l (®) ](r* -2 , r -2 ) ]r -1 s 

(using (|53Ti) 

[ x 7 ( 0)1 [ 

x ~f (0) ]r —2 ) L"+l( 0 )](r- 2 ,r-2 S =) 

(using (15.31)) 

+r- 2 [x“ 

(o), *r(°). [vi(°)- ^’i+i(°) ] ](i,7— 2 s 2 ) 

(=0 by Serre relation) 

[[*,"(0), 

[Xj_i(0), x i (0) ], —2 ] s 2 , (0) ] r -4 

(=0 by Serre relation) 


+ fi2 [[ a; i-l( 0 )- x i (0)]r-3, [ x i (0), a: i+ 1 (0) ]r -2 ](rs )-2 (using <E3) 

= s 2 [xT 1 1 (0), [x“(0), x“(0), x“ | _ 1 (0)]( r -2 s - 2 ) ] r ^4 (=0 by Serre relation) 

'- - -' 

+ [[x“_ 1 (0), X~ (0), X“ +1 (0)] (t .-2 iT .- 2), X“(0)] r -2 S 2, 

which implies that (1 + r _2 s 2 )[x“(0), [x^L 1 (0), x“(0), ^)+ 1 (0) ]( r - 2 , r- 2 ) ] = 0. Thus, 
when r —s, it follows that 

[*r(°)> [CiW. *r(o), ^ _ + 1 (o)] (r _ 2 ir .-2)] = o. 


Proof of Proposition l6.13l (I) When i = 1, (1, 0) = s 2 , one has, 

[xj~(0), Xg(l) ] s -2 (by definition) 

= [xf (0), [xf (0), xf (0), ^ 3 (1) ] ( r- 2 ,r- 2) ] s -2 (using (ESJ) 

'---v-' 

= [*r(0),[[ar(0), z 2 -( 0 )] r - 2 , x- 3 (l)] r - 2] s -2 (using ESl) 

+r _2 [a;^(0), zj(0), Jxj~(0), z~ 3 (l) ]J (i,s~ 2 ) (=0 by Serre relation) 

= [[®r(0),[*r(0), *2 (0)]r->]--2, *^ 3 (l)]r-> (=0 by Serre relation) 

'---V---' 

+s _2 [ [xj"(0), Z 2 (0)] r -2, [x]~(0), x“ 3 (l) ] ] r - 2 S 2 (=0 by Serre relation) 

= 0. 

(II) When 1 < i < n, (i, 0) = 1. Thanks to Lemma 16.141 it is easy to see that, 
[x^(0),Xg (1)] (by definition) 

= [Xi (0), . . . , [Xj (0),X i _ 1 (0),X i (0), X i + 1 (0)](r—2,r- 2 ,l)j a; rii+2(l)](r'-2,...,i— 2 ) 

---' 

= 0. 


Next we can show the communication relation (C4). 


Proposition 6.15. [E 0 ,F 0 ] = 


7' 1 w e 1 -T ^e' 1 


r—s 
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PROOF. First, using relation (D6) and induction, we see that 

[E 0 ,F 0 ] = (rs) 2(n - 1] [xg( l) 7 ,_1 w e _1 , xj (-1) ] 

= (rs) 2 ^[xg( 1), z+(-l)] • 

Recalling the notations, we have that 

Xei 1 ) =^l(!) = [^(D)r-,Vl(°). .r->), 

4 (-!) = t(x^(1)) =x+ 1 (-1) 

= [^n(- 1 ) ! 4-1 (°)> 

The first step of induction is to check the following 
[Xnn- it 1 ). i-it" 1 )] (by definition) 

=[[Vi(°)> I »( 1 )]r>, x+_i( 0 )] s - 2 ] (using (El) 

=[[^_i(0), [^« (!)»(—!) ] ]r— 4-i(°)]s- 2 (using El) 

+ [^(-!)> [[*n-l(°)» ^-l(0)], ^n(l)]r- 2 ] s - 2 ] (using El) 

i 2 / k'V — 1 ^n— 1 / \—2 7 ^7 

=(rs) 7 W ra -+ (rs) 


=M‘ 


>7^o 


r — s 
- Yv 0 


r — s 


^n— 1 


r — s 

Repeating the above steps, we obtain that 

[ ^nn— 2 (!); x+ n _ 2 {-l)} (by definition) 

= [[V 2 ( 0 )> i «-i( 1 )]h, [x+ n _i(-l), x+_ 2 ( 0 )] s - 2 ] (using El) 

= [[^- 2 ( 0)7 [^n-iW.i-rt- 1 )]]^ 2 ,^^)]^ (using El) 

+ [[V 2 (°). ^(O)].^-^ 1 )]^]*- 2 ] (using El) 


=(rs) 4 7 w' 


-4 


&nn-1 

7< n 2 


= (rs) 

r — s 

By induction we arrive at the following 


4-2 w n-2 f ^_4 7 w a n „_i T 

-P (rs) -W n _ 2 

r — s r — s 

-7'Wa„„ 2 


if- 1 )] = M 

which completes the proof of Pronosition l6.15l 


+ / it! _ fT „'-2M) K.r7^ 1 


r — s 


□ 


The last part of this subsection is to check Serre relation (C5). Here we only verify the 
following two key Serre relations. Other Serre relations are checked similarly. 


Lemma 6.16. We have that ( 1) [Ei, Ei, £7 0 ](i— 2 ,a— 2 ) = 0, 

(2) [ E n: E ni E n: E n _i ]( r —(rs) —1 , s — 2 ) 0. 

PROOF. (1) Before checking the first one, we need the relation 

[4(0), (l)] x 

= [[4(0), ®r(°)]i Vn 2 (!) ] r — 2 (using (D9) and (D6)) 
=(rs)~ 2 yn 2(!) w i- 
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Consequently, it follows that 

[£■!, £1, £o](r — 2 , s ~ 2 ) 

=a[x^(°), x^(0), xg (1),] (1 r ._ 2s2) 7 ,_1 w e ' 1 

=a(rs )' 2 [x+(0), y“ 2 (l)] Wi 7 ,_ 1 w ^“ 1 (=0by (D9)) 

'- - -' 

= 0 . 

(2) By using Lemma 16(71 one can check the second result. Set 

Z — [-LW; E n , E n: Dn —l](r“ 2 , (rs) — 1, s -2 ) ■ 

It is clear that Z £ li r . !S (g 0 ’) + . In order to prove Z = 0, it suffices to check K”(o), z] = 
0 for i £ I, which is trivial for i not equal to n — 1 or n. 

As for the case of * = n — 1, 

^n-l(O), Z] 

[ (0)! (0) j 2-n (0)i [ ^n—1 (®) > ®n—1 (®) ] ] ()— 2 , (rs) _1 , s~ 2 ) 

= -r~ 2 s~ 6 uj n - i[x+( 0 ), x+( 0 ), x+( 0 )] (r -i Sjl) 

= 0 . 

In the case of i = n, one computes directly that 

[*n(0 ),Z] 

[ x n (^)i [ *^n (0) i %n (0)) *®n (®) > *^n— 1 (^) ] ()— 2 , (rs) _1 , s~ 2 ) } 

= [[x“(0), x+(0)], x+(0), x+(0), x+.^O)]^^^)-!^^) (using (D9) and (D 6 )) 

+ [x+(0), \x~ (0), x+(0)], x+(0), s - 2 } (= 0 by(D 9 )and(D 6 )) 

+ [x+(0), x+(0), [x“(0), x+(0)], x^_ 1 (0) ] (r - 2 j (rs) -i ; s- 2 ) (using (D9) and (D 6 )) 

= - (rs)“ 2 (r + s)[x+( 0 ), x+( 0 ), aj+.^O) ] (r - 2 i (ra) -i)^ 

+ (rs)“ 1 (r + s)[x+( 0 ), x+( 0 ), x+_i(0) ] (r - 2 ,( ra) -i)u 4 
= 0 . 

□ 

6.4. Proof of Theorem A for (D^ 3 " 1 ). The aim of this subsection is to check 

/q\ 

relations (2)4)-(2)6) involving with i = 0 for the case of D 4 . 

Similar to the above cases, the following proposition implies relation (2)4). 

Recall the notation defined in subsection 5.2: 

%8 (1) [*^1 (0)? *^2 (0), X4 (1) ](s 3 , 1 — 2 S —l). 

Proposition 6.17. [x)"(0), Xg (1)] { . 0> _ 1 = 0, for * = 1,2. 
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Proof. (I) When i = 1, (1, 0) = rs 2 . Repeatedly using (15.3b . we have 

[a?i (0), Xq (1)] 1 —i s -2 

= [*r(0). [*r(0), x 2 (0), *r(l)] (s 3, r -2 s -i)] r -i s -* (using (ED) 

'- * -" 

= [®r(0). [ I^r(0). ^(0)]r-3, X T(!) ] rs s] r -i s -2 (using (El) 

+ r -3 [xi (0), [x 2 (0), j>)~(0), x r(l)]r S -iJ (rs) 3 ] r -i s -2 (=0 by the Serre relation) 

= [ \_Xi (0), X 1 (0), X 2 (0) ] ( r _3 jT ,-2 s -1^) x i (l)] r 2 s 

+ r~ 2 s~ 1 [ [xf (0), x 2 (0)] r -3, Jxr(°)> ^U 1 ) ]rs-\ ] (rs)3 (=° b Y (°8)) 

= — r 2 s[xj”(1), [x^(0), x)"(0), x^(0) ] (r _ 3|r - 2 s -i) ] r - 2 s -i (using El) 

= -r 2 s[ Jx~(l), x)~ (0) ] r -ig , [ x r(°)> x 2 ~ ( b ) ]r -3 ] (rs) —3 (=0 by (D8)) 

— rs 2 [xj" (0), [x^(l), x)~ (0), x ^(0)] (r -3 >r .-i s -2)] r _ ls _ 2 (using E3J) 

'-----" 

= - rs 2 [x]"(0), [ Jx]~(l), xr(0)] r -i s , x 2 (0) ](rs) —3 ] r _ ls _2 (=0 by (D8)) 

— rs 2 [xj"(0), [xf (0), [x]"(l), x^"(0)] s -3] r -2 s -i] r _ ls _ 2 
=rs [xj (0), [ Xl (0), x 2 (0), x 1 (1)]^, s 3 )T — 2 s -i)] r —i s -2 

Thus if r ^ s, it is easy to see that [x)"(0), x^(l) ] _ lg _ 2 = 0. 

(II) When i = 2, (2, 0) = (rs) -3 . Using (15.31 ) and the Serre relation, we get that 
[x 2 (0), Xq (1) ] s6 (by definition) 

[ x 2 (0)) [ x i (0)i x 2 ( b )! x i (1) ] ( s 3 t ,— 2 s -i)] s 6 (using (El) 

'-V-' 

= [x 2 (0), [ [xj"(0), x 2 -(0)] r -3, xr(l)]„ 2 , ] S 6 (using El) 

+ r~ 3 [ x 2 - (0), x 2 - (0), [xf (0), x) - (1) ] rs _ 1 ] {(r . s)3j s6) (= 0 by El and the Serre relation) 

=\[x 2 (o), xc(o), xa (o)] (r -3 iS 3), ®r(i)]„ 5 (= 0b y El) 

---—-' 

+ s 3 [[xj'(0), x 2 (0)] r -3, [x 2 (0), , Xi (1)] s 3 ] rs _ 1 (=0by El) 

=s 3 [[x)"(0), [x 2 (0), x 2 (0), , x)"(l)] (s 3 )r 3 ) ] r _ 5s _ 1 (=0by El) 

**b ( x, s) [ [ X 1 ( b )> x 2 ( b )> 5 X 1 ())](s 3 ,r — 2 s~ 3)5 x 2 ( b ) ] r —6 

x S [ X 2 (0), [X 1 (0), X 2 (0), , X 1 (l)]( s 3 ;? — 2 s -1 )] r 6- 
The result yields that (l+r -3 s 3 ) [x^(0), x^"(l)], = 0, which implies that for r ^ —s 

[ X 2 (0), Xq (1)] M 3 = 0. 

□ 

Next we check the commutation relation given below. 

Proposition 6.18. [£ , 0 ,To] =-——• 
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Proof. Similarly, one proves the relation by induction. First, note that 

[E 0 ,F 0 ] = (rs) 2 [xg (l)7' _1 we _1 , ] 

= {rs) 2 [xe (1), x+(-l)] ■ (7 
Second, consider the first step, 

[ l x 2 (0); (!) ] S 3, [xf(-l), X^(0)] r3 ] (using <E3) 

= [[^ 2 ( 0 ), [x]f(l), 4 (- 1 )]] s 3 , xt (0) ] _, (=0 by (15.31 ) and the Serre relation) 
+ [4( _1 )> [[*a(0), 4(°)]> tcT (1) ]s 3 ] ^3 (using (E3 and (D 6 )) 

, W 2 -W 2 , ju}[ - 7'wi 

=7 UJ 1 -1- U )2 

r — s r — s 


7w[w 2 ~ yUJiUJ2 


r — s 

Third, one obtains that 
[xg (1), Xg (—1)] (by definition) 

[ \ X 1 (0)) ®r 2 (l)]r- 2 s -i, [a^i“ 2 ( —!)= X 1 (0) ]r-i« 
[[®r(0), at+(0)], a;r 2 (l)]r- 2 s -i]r-i 

+ [^ 2 (- 1 ) I [*r(0), feW. (0)]]r-2 s -i ] 

+ [ [ [atr(o)» ^ 2 (-i)], *r 2 (i)]r- 2 s-i) 4(o)] 
+ [[a^r(0), [a^^aC 1 ), 4(°)] 


_ 2 7w , 1 u; 2 - 7 , wiw 2 


(rs) 2 u 1 


+ (rs)- 2 ^2 1 


-2 ] (using (15.31) ) 
g -2 (using (15.31) and (D6)) 
r _ ls _ 2 (=0 by (D6) and (D9)) 
r -i s -2 (=0 by the above result) 
r -i s -2 (using ( 15.3b , (D9) and (D6)) 
- 7'wi 

^n— 1 


r — s 


r — s 


,- r „)-2 7K) 2 4 ~7'4) 2 cu 2 
r — s 

So one obtains the required conclusion and the proof of Pronosition l6.18l is completed. 

□ 


In the remaining part of this section, we check some key Serre relations of (T>5). 

Lemma 6.19. One gets that 

( 1 ) [E 0 , E 2 ]( rs )-3 = 0 , 

(2) [.Ei, E 1 , E 0 ]( r -2 s -i >r -i s -2) = 0, 

(3) [El, Ei, Ei, Ei, E 2 ]( s 3, rs 2 , r 2 s, r 3 ) — 0. 

PROOF. (1) For the first relation, one immediately gets from the construction of E (l , 

[E 0 i E A{r S )-* 

={rs)~ 2 [xg (1), x£(0)] -VW 1 

=a [[ x \ (0), a: 2 (0), x])(1)](s3,7 2g i), x^(0)] ■'y , ~ 1 ujg 1 

=a|>r(0)> l x 2 (0)) 4(°)]. x i (!)] (s 3 jT .-2 s -i) 'fV 1 

=o [xj~(0), x[“( 1)] t . s _ 1 •W 27 ,_ 1 w ^ 1 

=0 
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(2) To verify the second relation, one first computes that 

[4(0), Xg(l)] 1 

=[[4(°)> *r(o)], x 2 (o)> C 1 ) ] (S 3 ;T —2 S -i) 

+4i"( o), x 2 (o), [4(°), x r( 1 )]] (S 3 jr .-2 S -i ) 

={ts)~ 2 uji[x2 (0), xf(l)] s 3 -3(77')"^[a:r(0), x^(l) ] r -3Wi 

—{ts)~ 2 loi\x2 (0), (1)] s 3. 

Then one has that 

[Ei, Ei, E 0 ]( r -2 s -i r -i s -2) 

=a [4(0), 4(0), ;E e"( 1 )](i, r -i s ) 

=a [4(°), 4x40), (!) ]« 3 ] r -i s 

=awi[4(0), K(°)> (!) ]« 3 ] i 

=auji[x2 (0), [4(°), ^(i)]]^ 

= - a (yy')-i (wi) 2 ^ (1) = 0 

(3) Let2T' = [Ei, Ei, Ei, Ei, E 2 ][ s 3 ^ rs 2 r 2 s r 3y It is obvious that X’ £ U ri , i ( 9 0 ') + , 
so by Lemma [fTTl it suffices to show [x~ (0), X’\ = 0 for i £ I. In fact, it is enough to 
check the cases of i = 1 and 2. 

For i = 2, one has 

l x 2 (0), *'] 

= [*2 (0), [4(0), 4(0), 4(0), 4(0), 4(0)](-»,r^,r2 a ,r3 ) ] 

= [4 (0), 4(0), 4(0), 4(0), [ X 2 (0), 4(0)]](s3,r S 2,r2 S ,r3) 

=3[4(0), 4(0), 4(0), 4(0)](r- 2 S 2 ,r- 1 a,l)W2 
= 0 . 

As for i = 1, one computes that 
[07(0),*'] 

=[*r(o), [4(o), 4(0), 4(o), 4(o), 4(o)]( S 3, rS 2 ir 2 Sir3) ] 

= [[*r(°), 4(°)], 4(°), 4(°), 4(°), 4(0)]( S 3,r S 2 ,r 2 S ,r3) 

+ [4(o), [ij-(o), 4(o)], 4(o), 4(o), x+(o)] (S 3 irS 2 ir 2 S)r3) 

+ [4(0), 4(0), [sr(0), 4(0)], 4(0), 4(0)](-»,r.»,r2 i ,r3 ) 

+ [4(0), 4(0), 4(0), [*r(0)> 4(0)], 4(°)](33,r S 2 ,r 2 S ,r3) 


- - — [4(°), 4(°), 4(°), x 2 ~ (o) ] (s 3 , ts 

rs[4(0), 4(0), 4(0), X 2 ^ (0) ] (s 3 , rs 2 , r 
+ rs[xf (0), 4(0), 4(0), 4(0)]( S 3,r S 2 ,r 

3 3 

+ !L ^^[4(o), 4(o), 4(o), 4(o)] ( -3 


2 , r 2 s)^ 1 

2 s)^[ 

2 s)U 1 

, rs 2 , r 2 s)^ 1 


=0. 


r — s 
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/o\ 

Therefore, we have finished the proof of theorem A for the case of Lv *(!):, ; □ 
6.5. Proof of theorem A for the case of Ur^jK^’). Now we are left to check the 

(n) 

last case of type Eg . As before we only check those nontrivial relations of (£4)-(£6) 
involving i = 0. 

We begin by listing the following simple lemmas. 

LEMMA 6.20. One has that 


(6.11) 

[®1 ( 0 ), ( 1 ) ](rs ) -1 =0 

(6.12) 

[ x 2 ( 0 )) £7 ( 1 ) ]r - 1 s -2 (- 

(6.13) 

[ x 3 (®)j z 7 (l)](rs) 2 = 0? 

(6.14) 

[ x 4 (®)j Z 6 (-^)](rs) 2 0- 


The following proposition yields relation (£4) for the case of i ^ 0 and j = 0. 
Proposition 6.21. [®r(0), x^l)]^ 0) _ a = 0, for i £ { 1, 2, 3, 4}. 

Proof. (I) When i = 1, (1, 0) = rs 2 . We compute that, 

Or( 0 )> ^(l)] r -i s - 2 

= [*r(°). [*r(0), x 2 (0), ^ 6 "( 1 )] (r .-2 s -i ir -2 s -i ) ] 7 .-i s -2 (using (El) 

'-v---' 

= [*r(0) l [[*r(0). *2 (°)]r-L -Ze”(!)] ^- 3 ^- 2 ] r-i a -a (using El) 

+ r -1 [ Xi ( 0 ), [x^( 0 ), [xj~ ( 0 ), Zg (i) ](r- s )-i ] / )_i] 1 2 (=0 by EH) 

= [ [*r(°), ^r( 0 ), *2 M 1 )],.-^ (=0by Serrerelation) 

+ S_1 [ \ x i (0)) x 2 (0) Ir- 1 j [ar (o), (!) ](r- s )-i ] T — 4 s -3 (=0 by EH) 

=0. 

(II) When i = 2, (2, 0) = rs. In order to check [x^"(0), Xg (1) ] = 0, we have 

that 

[*2(0), x e (l)] r -2 

= [*r(°)» [*r( 0 ), *2 ( 0 )> ;z 6“( 1 )]( r .-2 s -i )r .-2 s -i ) ] r -2 (using El) 

N --V-^ 

= [ x 2 (0)> [ \ x l (0)) x 2 (0) ]r-i ) - 6 ’( 1 )] r .-3 s -2] r .-2 (using El) 

+ r_1 [ x 2 (0), [*2 (0), [xj-(0), (!) ](r-s)-i ] fT . a s-i] ^-2 (=0 by EH) 

= [ [®2 (0), *r(0), *2(0)] (r _ ljS) , ^ 6 "( 1 )] r - 5 s -3 (= 0 by the Serre relation) 

'-V-' 

+ s [ [ x i ( 0 ), x 2 (0) ] r - 1, Jxg ( 0 ), ^ 6 "( 1 )]r- 2 3 -iJ (r . s) -3 (by definition and El) 
= s [*r(°)> J*2 ( 0 ), z 7 '( 1 )]r-i s -^ ] r - 3 g -i (= 0 by EH ) 

+ ( rs ) _1 [ [ x i (0)) (I)]r-3 S -1, x 2 (0) ] g2 (by definition) 

= ( rS )~ 1 [ X 0 (!), X 2 (b) ] s 2 
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which implies that (1 + r 1 s) [ x 2 (0), x e (1) ] ^ ra ^-i = 0. Consequently, for r ^ —s 

[*2(0), *e (!) ] ( rg) -i = °- 

(III) When i = 3, (3, 0) = ( rs)~ 2 . Observe that, 

[*3 (0); x g (1) ] ( rs )2 

= [*3 (°), [*r(0), *7 (l)]r- 2 s -i ] (rs) 2 (using (O) 

= [ [atJ(O), xj~(0) ], Zg( 1) ] s (=0 by the Serre relation) 

+ [^r (°), [*3 (°), z 7 C 1 ) ](t-s) 2 ] r .- 2 s -i (=0 by (16.13)) 

v -v-' 

=0. 

(IV) When i = 4, (4, 0) = ( rs)~ 2 . Using the above results, one has 
[*4 (0), x e (!) ] („)» 

= [*1(0), [®r(0), Z 7 (l)] r - 2 s -i] (rs)2 (using <53» 

= [ [xj(0), xj~(0) ], z^(l)] s (=0 by the Serre relation) 

+ [x]"(0), [xj(0), z? (1) ]( rg )2 ] _ 2 _ x (using the definition and (15.31) 1 

V -v---' r S 

= [*r(0)> [ [*r(0), x 2 (°)L z q C 1 ) ] s ],— 2 g —1 (=0 by the Serre relation) 

+ [*r(0), [* 2 ( 0 ), \ X 1 (0), Zq (1) ](rs) 2 ]r —2 s —1 ] r - 2 s —1 (=0 by ( 16.141 1) 

'-v-' 

=0. 

□ 

Relation (£4) for the case of i, j = 0 follows from Proposition 16.221 

Proposition 6.22. [£i 0 ,F 0 ] =-. 

PROOF. We argue by induction. First, using relation (D6) it follows that, 

[E 0 ,F 0 ] = M 5 [2]^ 1 [xg (l)7 ,_1 u;e _1 , 7 _1 u;e _1 x^(-l)] 

= (ts) 5 [2]2 1 [x^"( 1 .), x+(-l)] • (7 _ 1 7 '- 1 w 9 - 1 u>' e ~ 1 ). 

Now recall the notations mentioned above. 

x e(X) = M 1 ) 

[ X 1 (0)5^2 (fyi x 2 ( 1 ) ](s,s 2 ,s 2 ,?— 1 ,s 2 ,t— 2 s 1 ,?— 2 s -1 )? 

4(-i) = 4(-i) 

[ X 1 ( l)? • • ■ ? x 4 (O)} x 2 (^)? X 3 (^)j x 2 (^)? X 1 (^) ](r,r 2 ,r 2 ,s -1 ,r 2 ,9— 1 s~ 2 ,i — 1 s -2 ) • 
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Consider the first step, 

[*2-(i),4(-i)] 

=[[®r(0): [4 (-!)> ^ 1 “(°) Is- 1 ] (using (El) 

= [[>r(0)> l x 2 C 1 ), 4 (-!)]]r- 1 , 4(°)] s -i (using (D6) and (D9)) 

+ [4(-!), [ (°) 7 4(0)], %2 ( 1 )]r- 1 ] s -i (using (D6) and (D9)) 

/ s-i / 4“ w i , , ,_ 1 7W^-7 , w 2 

={rs) 7 W 2 - 1 - ( rs) - 07 


r — s 


r — s 


r — s 


For simplicity, we list the results for the intermediate steps. 

[*r(l),4(-l)] = M 


i = 3,4, 5,6, 7. 


r — s 


One has from the last induction step 
\_Xg (1), x~g (—1)] (by definition) 

=[[®r(0)> z 7 (f)]^ 2 *-!, [4( _1 )> 4(0)]r-‘ s - 2 ] (using El) 

=[4(-!), [[^r(°), 4(0)], z 7 (1) ]i — 2 s-i ]r-i (using E1,(D9) and (D6)) 

+ [4(-l), [xi (0), [sf (1), x+(0)]] r -, s -i ],,-i s - 2 (=0 by (D9) and (D6)) 

+ [ [ [xj~(0), 4( — 1)], z 7 (1) ]r~ 2 s- 1 , x i (0) Ir-Jj- 2 (=0by the above result and (D5)) 
+ ][a;5"(0), |>f( 1), 4( -1 )]]r- 2 «- 1 , 4(0) (using (D6) and (D9)) 


=(™)~ 5 [ 2 W 7 Vl YaJl + (rs)" 5 [ 2 ] 2 7 ^ ^ 


=(rs)“ 5 [ 2] 2 


V7 j, — $ 

-5 rot 1 w 'e ~ i^e 


r — s 


u 1 


r — s 


So we have obtained the required conclusion. 


□ 


In the last part of this section, we check the remaining Serre relations of (£5). 

Lemma 6.23. For the case ofU r ^( Eg one has, 

(1) [Ei, Ei, E 0 ]( r -2 s -i tr -i s -2' ) = 0, 

(2) [E 2 , E 2 , E 2 , E 3 ]( a 2 rs r 2)=0. 

PROOF. (1) In order to verify the first relation, one considers that, 

[ 4 (o), ^-(14 

=[ [4 (o), *r(o)], ^f(!)] r - 2 a -i 

+[xi (0), X2 (0), X3 (0), x~l (0), X3 (0), xi (0), 

(0),Xg (0)], X 2 (1) ](r-i,r,s 4 ?s 2 jS 2 jr - 2 s — i, r - 2 s -1 ) 

—(rs)~ 2 zf (l)wi + (rs)" 1 [x)“ (0), x^ (0), xj (0), xj (0), xj (0), 

[ x 2 (0), X 2 (1) ] rs — 1 &l ](s 4 ,s 2 ,s 2 ,r — 2 s —1 ,r —2 s — 2 ) 

=(rs)" 2 zf (l)wi. 
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Applying the above result, one gets by direct calculation that 

[E 1 , E 1 , Eq ]( r - 2 s -l^ r -l s - 2 ) 

= a [4(°)> x+( 0 ), Xg (i)] (lir _i g) 

=a(rs ) -2 [x^( 0 )> zf (l)]wi 

=a(rs) _ 2 [x^ (0),Xg(0),(0),xj(0), x% (0), 

[ Xi (0), X x (0)], X2 (1) ](r -1 ,r,s 4 ,s 2 ,s 2 ,9— 2 s —1 )^1 

=a(rs)~ 3 [x 2 ( 0 ), X 3 ( 0 ), xj ( 0 ), X 3 ( 0 ), [x^ ( 0 ), x 2 (l)] rs -i wi ] (s 4 jS 2 jS 2 ir .-2 s -i ) w 1 

^ ✓ 

=0 

(3) Using Lemma l6.7l one can show the third relation. Let Y' = [ L 2 , /t ’2 • £ 2 , -^3 ] (s 2 , 
To prove [ x~ (0), Y'] =0 for i 6 I, it is enough to check the cases of i being 2 and 3. 

For i = 3, one immediately has, 

[% (0), Y] 

= [Xg (0), [4(0), 4(0), 4(0), 4(0)]( S Lr S ,r 2 )] 

=[x+(0), 4(0), x+( 0 ), [X 3 ( 0 ), 4(o)]] (B 2,„ ir 2 ) 

= - W 3 [4(°)> 4 (0), 4(°) ](r-! S , 1) 

= 0 . 

For i = 2, one gets from the following direct calculation: 

1 * 2 ( 0 ), Y] 

= [ x % (0), [ 4 ( 0 ), 4 ( 0 ), 4 ( 0 ), x+(0)] (S 2 irSjr 2)] 

=[[xa (0), x+(0)], x+(0), x+(0), x+(0)] (s 2 irSir2) 

+ [ 4 ( 0 ), [*a(0), 4 ( 0 )], 4 ( 0 ), 4 (°)](s 2 ,r- s ,r 2 ) 

+ [ 4 ( 0 ), 4 ( 0 ), [*r(0), 4 ( 0 )], x 2 (0) ] (s 2 , rs, r 2 ) 

= -(r + s)[x£( 0), x£(0), X3"(0) ](s 2 , rs) 

+ (r + s)[xj(0), xj(0), 4(°)](a 2 ,rs)4 

= 0 . 

□ 

So far, we have proved Theorem A for all twisted cases, that is, there exists an algebra 
homomorphism T between the two realizations of the two-parameter twisted quantum 
affine algebras. In the next section, we will give a new proof of the other two theorems. 

7. The inverse map $ of T 

The goal of this section is to obtain the inverse map of T, more precisely, there ex¬ 
ists an algebra isomorphism from Drinfeld realization to Drinfeld-Jimbo form of the two- 
parameter twisted quantum affine algebras. We remark that the proof works not only for 
untwisted cases but also for twisted cases. In particular, we have another proof of Drinfeld 
isomorphism for the quantum affine algebras for all the cases, which were proved using 
the braid group IE[JZ 41 . From now on, we denote by g any affine Lie algebra. 
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Fix k £ I, denote by Uf. : s (g) the subalgebra of Ur,s( 0 ) generated by xf (0), x k (—1), 


x k (1), w* 1 , ( i £ I), and 7 * 2 , 7 ,±2 , satisfying the following relations (7.1) — (7.6), 

that is, 

^r, s (fl) : = (^(0),^(-!), a:* (!), wf 1 , w'* 1 ,7 ± *,-/ ± 5, * G I ) / ~ • 

(7.1) 7 ± ^, 7 '^ are central such that 77 ' = (rs) c , = w'cu ^ 1 = 1 (i £ /), and 

for i, j £ I, one has 


( 7 . 2 ) 

( 7 . 3 ) 


( 7 . 4 ) 


r ±1 ±1 1 r ±1 /±i 1 r /±JL /±1 1 r» 

[^i j ] l^i 1 Wj ] ] 0. 

^a{i) (0 = ^ X i (O’ a a(z)(^) = ^ Oii(rri) 


k -1 




t =0 

fc -1 


o;'^(fc)a;' 1 = ^(z, (A;). 


t =0 




( 7 . 5 ) [x^(fe), a?j (A;')] « — 3 —(y fe 7 &(*+&') ~ 7 fe 7 ^ ^.(fc+fe')), 

where <f>i(m), ipi(—m) (m £ Z>o) such that <fo(0) = 07 and ^( 0 ) = w' are defined as 
below: 

OO OO 

y 4>i{m)z~ rn = uji exp f(rj-Sj)y^atffl^^), (<j>i{-m) = 0, Vm > 0); 

m—0 1 

OO OO 

^ ipi{-m)z m = u\ exp (—(ri—Si) ^ ai(-£)z e ^ , (wi(m) = 0, V m > 0). 


m—0 


1=1 


(7-6 a) 
(7.6 6 ) 


xf(m)xf(k) = (j, i)^ xf (k)xf (m), for af- = 0 , 


,22,23{(( rs 2 ) T ^i-(r 4 + S 4) 02 + ( r 2 s) T Tz 3 )xt(z 1 )xt(z 2 }xt (* 3 )} = 0 , 


for A ii(r (i) = -1, 


(7.6 C ) 


ut-i) 




xxf(w)xf(z t+ i)---xf(z 2 )} = 0, 

for Aij = — 1 , and 1 ^ j < i ^ IV such that cr(i) ^ j, 


(7.6<f) 


-t(t-i) 


X i (^l) ‘ ‘ ‘ X i ( z t ) 


Sym, 1 ^{i^(«i,2 ! 2)ElJ(- 1 ) t (ri«i) =F ' 

xx^(w)xf (zt+O-.-xf^)} =0, 

for Ai j = — 1 , and 1 ^ i < j ^ IV such that a(i) ^ j. 
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where [l]±i = , [Z]=pi = , Sym Zl Zn denotes symmetrization w.r.t. the 

indices (zi ,..., z n ), and 

If a(i) = z, then Pjj(z,w) = 1, dij = 

Z r (v c }~ — 7/; r 

If A,a(i) = 0, cr(j) = j, \henP±(z,w) = — --, d tj = k, 

If A i)(T(i ) = 0, cr{j) ± j, then i^(z,u;) = 1, d i3 = 1/2, 

If A,a(i) = -1, then P±(z,w) = 2 :(rs _1 ) ±fc/4 + w, d i3 = k/2. 

In fact, we have the following result. 

Proposition 7.1. lX/ g (g) = I4, s (g) 

PROOF. It suffices to show all other generators of U r , s (g) are in the algebra 'll/ g (g). 
First, we denote 

Ofe( 1) = w, r V /2 [ x t (0)) ^(1)] £ Ur,«(fl)) 
a fc (-l) = u'rW 1/2 (-1). x k (°) ] e U r, s (0)- 

It is not difficult to show that afc(l) and afe(—1) satisfy the defining relations (HI) —(H10) 
(those involving afc(l) and «&(—1)) 

Moreover, we denote that for j £ I such that a 3 k / 0, 

^(-1) = -( r kSk)~~^[-akj]kW~ J [afc(-l), *t(0)] eU‘ 5 (s), 

2T(1) = -(rkSk^lakjlk 1 ^ [ofcW. 2:7(0)] € U* g (g). 

It follows from direct computation that xj~ (—1) and xj (1) satisfy the defining relations 
(HI) — (H10) (those involving with *7(—1) and x“(l) solely) 

Repeating the above two steps, one obtains that for all i £ /, aj(l), a;(—1), *7(1) 
and xf (—1) are in If/ s (g). For more details, see |JZ5J. 

At the same time, x~(— 1) and *7(1) are both in lf/ s (g). Therefore, all degree one 
generators are in the subalgebra, which satisfy defining relations (HI) — (H10). 

Next forf £ Z/{0}, suppose that xf(£) £ lf/ s (g) and Ui(t) £ U/ S (g). One has, 

Hr, S (0) ^ [XiWiXii 1 )) 

= *cn(£+ 1)+ ^2 *' a i(£ji) ‘ ‘' a i(^ft)) 

kk<+i,E4=<+i 

where scalars *, *' £ K/{0}, hence a,i(£ + 1) £ U/ S (g). 

It follows that, 

Ur, a (fl) 9 [a*a:7(l)] = **7(^ + 1), 

where scalars * £ K/{0}, therefore xf(£ + 1) £ li/ s (g). So all generators of U r|g (g) are 
in 11/ s (g)by induction, which satisfy defining relations (HI) — (H10). □ 

Remark 7.2. As a consequence of the above proposition, there exist n subalgebras 
If/ s (g) which are all isomorphic to li rjS (g), or rather there are n sets of generators U V:S (g) 
of degree bounded by ±1. From now on, fix k £ /, we use the presentation (subalgebra) 
11/ s (g) instead of U rjS (g). We remark that the result has been generalized to the quantum 
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toroidal algebra of type A |fjZ5l to give its Hopf algebra structure with a finite comultipli¬ 
cation. 

We keep the previous assumptions and notations, and let ii, ..., ih-i be a sequence 
of indices of the fixed reduced expression given in Eq. (EH). We also need a few more 
notations for our purpose. 

Pij = (ij, ij-i-'-hh), p' i:j = (ij, ij-.-hh), p" = (ij, i j+ 1 ■■■hh), 

Qij = (*i*2 • • • ij-i, ij)- 1 , q'ij = (ki2...ij, ij)~\ g" = (hk ■ ■ ■ ij+i, ij ) _1 . 

Denote t ' = — - -. 

H r H - Sij 

We now define the inverse map of 'll, more precisely, we have the following statement. 
Theorem 23. Fix k G /, let k = i\, k, ■ ■ ■, ih-i be the fixed root chain associated to 
the maximum root 0 in EH- Then $ : lljf s (§) —> Ur,s(o) is cm epimorphism such that 

Vi el 

$(7) = 7, $(7') =Y, $(x?(0 ))= e i, 

$0A(° )) = fu $(c Ji)=uii, $(cu-)=w', 

(1)) i ih-i '' ‘ i i.2 [ 1 • • • ; e i h _ 1 , eo }{p' ih i , ...,p' i2 )7 i 

( — 1)) 7 ljJ k [ /o, fih- 1 ) fih -2 , • ■ • , /*2 ] ( q' ih 1 , ..., q' i2 > 


PROOF. We show that $ satisfies relations (D 1) — (D 9). From our previous discus¬ 
sion it is enough to check the relations only involving xt (—1) and x7 (1). In particular, 
we verify relation ( D 8 ). 

Fori < i < h, let us denote 


^(1) e ie+ 11 •••5 e ih-n e 0 ](p'. )• 

fii(~ 1) = [fo^ fi h - n fih- 21 ••*5 fit > •••> Qi e )' 

Then &(x^ (1)) = t'7 1 ^ ■ • •f , “ 1 ej 2 (l) 7 , u; fc ,and$(a;^(-l)) = t'” 1 ^ ■ ■ ■t'7 1 7 w’ k f i 2 (-l). 

We compute that 


[fih- 1 ( l))®th-i(l)] [/o, fih- 1 ] „/ J [ ^ih — l , eol, 


Pi 

l h-l 


[ [ /o? ]? /] 0 ' j e 0 

[/o, [ fih-1 5 ^*h-l]]g' J e 0 

l? [[/Oj e o]? fih-i ] q>. 


l h -1 J P 


h-i J V, 


^ih-ii [/o? [/ih-i? e 0 ] ] 


J p; 


*/ / ^0-^0 , _ 

—ti. , ,- t iu ,-o;q 


/1-1 
h-i 


= t: 


? 

r — s 
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where the first summand and the last summand are null due to the commutation relation. 
Now we consider. 


[/ii(—] = [/*,_! (-1), fk] q ^ [ e in g i I _ 1 (l)] p / 

[[/iz_i(—!), e*,], /<,] , , A-iW 


J Pi 


!)> [/fi, ei, ] ] , , ej,_ 1 (l) 


e*i> [[/Li(-l), A-i (1) ]> AL 

Hr l 

di > [ A-i(—!), [A, A-i(!)]]„< 




J p; 


J p\ 


Iteratively we get that 

[/iit- 1 ).^ 1 )] = 4-1 

I o 

As a consequence of the above results, we get immediately, 

$([x+(-l),**(l)]) 

= •••*4 1 77 , WfeWfc[A(- 1 )>ei 2 (l)] 

= $( '^-7^ ) 

V — 5 

where we have used wq = 7 ,_ 1 u ;^“ 1 and ui' 0 = 7 ” 


□ 


In fact, the map if is the inverse of <1>. 
Theorem G. vp = $-t. 


PROOF. It suffices to check the action of ip $ on the generators are trivial. Most of 
these are trivial except the generators xj~(l) and (— 1 ), and we directly compute that 

^Ofc (!)) = % (!) and (- 1 )) = %k (- 1 )- 

In fact, for 2 < j < h — 1, set 

til,A 1 ) = x k ( 1 ) 7 ,_ 1 Wfc 1 , 


and 


tii,jW = (°)’ 


/-1 -1 


•a;" 1 . 


Using these new notation, we can write that 


S/i.h-iC 1 ) = ^(eo). 

Firstly, note that for 2 <j<h-l 
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It holds by direct computation, 


(!)) 

= 1 ' ' A 2 [ e ®2 I ei 3 > • • ■ 5 e i)>-l > e 0 ](p' (i _ 1 , ■■■, p' 2 )7 w fe) 

= "■*fa 1 [<(0)» <(°)> •••. <.,(0), ^( e o)](pj fc _ i , ■■■,p' i2 )V U} k 

= *.v. a <(°)> •••> <_ 2 (°)> 1 1 ) 1 o*i fc _ 2 .pj, )V"fc 

= y^i( 1 )7W 
= **(!) 


The action of on x~fc (—1) can be checked similarly. Consequently, T and <I> are invert¬ 
ible to each other. □ 


Therefore we have proved there exists an algebra isomorphism between the two real¬ 
izations of two-parameter twisted quantum affine algebras. In particular, we also prove the 
Drinfeld isomorphism for quantum affine algebras as a special case. 


8. The Hopf algebra structure of Ujf s (g) 

In the last section, we will discuss the Hopf structure of the subalgebra 11*: s (g) of 
Drinfeld realization. It is well-known that Drinfeld-Jimbo realization f/ TV<i (g) admits a 
Hopf algebra structure. The aim of the present section is to establish the Hopf algebra 
structure of Drinfeld realization U^ s (g). Furthermore, we show that there exists a Hopf 
isomorphism between these two realizations. This generalizes the corresponding result for 
one-parameter quantum affine algebras. 

We adopt the same notations and assumptions from the previous sections. In particular, 
let k G /, let k = i\, ..., ih-i be a fixed sequence of indices satisfying (15. 9I >. We also 

need a few more notations. 

For ii < j\ < ... < ji < ih-i, define xj" z (l) and x+ z (—1) inductively by 


x i z(l) — [ x ji (0)) • • • X j 1 (0)) x i (1) ](p 31 , Pj t ) > 

<;(-!) = [4(-l)> 4(°)’ 4(°)«,)• 

Denote xf 2 z (0) and x“ z (0) for 2 < l < h — 1 as follows. 

4*(°) = [4(°)> 4(°)’ •••’ 4(°)](«i, 

= *7-1 (°)> 

where Uij = p'.g" and v i} = g'.p" . 

Now we can define the actions of a comultiplication on the simple generators of the 
algebra ll£ s (g). 


Definition 8.1. Fix k £ I, let k = i\, i%, ■ ■ ■, ih-i be a sequence of indices given 
by Eq. (15.9k Define the action of the comultiplication A' on the generators of the algebra 
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U£ s (g) as follows. Fori e I, 

A'(oJi) = LOi ®LOi, 

A'(7 ± 5) = 7 ± 5 ® 7 ± 3 ; 

A'(D ±1 ) = D ±x 0 D ±x , 
A\xf (0)) =x+(0)®l+w i ®x+(0), 
A 'Ofc ( 1 )) = x~ ( 1 ) < 8 ) 7 V + 1 <8 xf(l) + 


A'(w') = u'i <8>w', 

A'(7 ,± 5) = 7 ,=t ^ 0 7 /=t ^, 

A'(Z) ,±1 ) = Z? ,:tl ® D /=tl , 

A '0~ (0)) = (0) ® w- + 1 <g> x~ (0), 

Y ZiXiii 1 ) ®Xj 1 i(0)'V , Uk 

*2 <ji<-<ji<ih-i 


A '(x£{-1)) = x^(-1) ® 1 + ju' k ® x^-l) + ClWkX^ii 0 ) ^^(-l) 




where 


6 = (iu-p'i l )t l2 1 ■■■Y€ ■•■Ci’ 

0 = (p'z, - <?z- )iz” 1 • • • 44 ■ ■ ■ p'Ll ■ 

The above comultiplication A' is well-defined, which will be verified by the following 
proposition. We also note that the formulas for one-parameter cases were essentially given 
in QM] Th. 2.2], 

PROPOSITION 8.2. Fix k £ I, let k = ii, * 2 , ..., ih-i be a sequence of indices given 
in Eq. ( 15.91 ). The algebra lfjf s (§) is a Hopf algebra with the above comultiplication A', 
the counit £ and the antipode S defined below, for i £ I, we have 

e(4 (°)) = £ ( x i (°)) = £ (4 ( -1 )) = £ ( x k (!)) = °> 

£ ( 7 ±i) = £ (7'±5) = e {D ±l ) = e{D' ±1 ) = e ( w< ) = e(cu') = 1, 

5( 7 ± t)=7 4 S{ 7 ,± 3)=7 , t* ) S(D ±1 ) = D*\ 

S(u H )=u;f 1 , S(^=u '- 1 S(D f±1 ) = D'*\ 

S( x t( 0)) = -wrV(0), S{xf( 0)) = -xr(0)u$i, 

= - 7 _ 1 Wfe _ 1 a;+ (- 1 ) 

*2 <ji<—<jt<ih-i 

= -x"(l) 7 ,_1 u; fe - 1 - 

5Z & x i / ( 1 )7 ,_1 , I (0)> 

4;(°) = a 44°)’ >*7i(°)](v 1 >-- 0 J l > 


where 


and 


4, i(°) = M 4 (°)- 4 (°)> • • • ’ 4(°) ], s,)’ 

and for 2 j ^ l — 1, v[. = (ij, ij+i), u[. = (ij+i, ij), here the constant a = 

i -1 i-i 

n % • (*j+i •••*!) *j) and & = n u ij • (*j> ij +1 • • • *i)- 
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PROOF, (a) We first show that A' defines a morphism of algebra from lijf s (g) into 
Uj: s (fl) <g> U^ s (g). Note that the actions on all generators are the same as that of Drinfeld- 
Jimbo generators except x7 (1) and x k (—1). So it is enough to show the relations involv¬ 
ing x k (1) and x k (—1). We first check for k' ^ k 

[A'(x+m, A'(z*(l))] = 0. 

By direct computation, one gets that 

[A'(4(0)),A'(^(1))] 

= [ x k , (0) ® 1+K k > A'(xfc (1))] 

= X & [^(0), x ii (1)] ^x+^ONuk + [K k > ®x£(0), x k {l) ®7W] 

+ X & [■® x fc'(°)’ ^if 1 ) ® x t. i(°)] 

h<3i<-<ji<ih-i 


The first term will be killed by the last two terms for its two cases. 
Then we are left to verify the following relations 


[A'(4(-l)), A'(x-(1))] 

By definition, we have immediately. 


A'(yuj k ) - A'(7u4) 

rk — Sk 


[A'(4(-l)), A'(*-(l))] 

= [ (^fc (—!) 1 + a?* (—1) + X Ci WkXjil'i 0 ) 

( x k (!) ® l'uk + 1 ® x k ( 1 ) + Y 

By direct calculations, we pull out the common factors, then the above bracket can be 
divided four summands, that is, 


[A'(4(-1)),A'(^(1))] 

= l x t(~ 1)> x k (!)] ®Wk + Wk ® i x k (-!)> x k (!)] 

+ E E {<< '7^ [x hl ,(0), x k (1) Joa— jV.fc> 

i2<j'I'<ih-i i2<ji<- <ji<ih-i 

+ ^au}' k x~ l (i) ® [x^(-i), ^ i(°)]<fe,- 

+ X! X {Cl'7wjt ^ r(0)®[*ii'(-l)> **(!)] 

i2<j\<-<3'v<ih-i i 2 <h<-<jl<ih-i 

HA x k (-!)> a; r;( 1 )] ® x ti i(°)'y , <^’fc} 

+ X X 

*2<j' !<—<?i'<ih-i i2<ji<---<ji<ih-i 

® x ti> (-!)^ i (0)7W - a:^(l)7WfeX7 1 j, ( 0 ) 0 xt ; ( 0 ) 7 (- 1 )} 
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In fact, the last three summands are 0. Using Drinfeld relation (D 9) and (D 5), the 
second summand and the third summand also vanish. The last summand is 0 for Serre 
relations. For simplicity, we proceed with the example of the case of D\ . 

In this case, the last summand becomes: 

Cifi { 7 ^ 12 ^( 0 )[ 2 ^( 0 ), xr(l)] s s <S> x^(0)] r 3a;J(0)7'u;i 

-[ 2 :^( 0 ), xj"(l)] s 37wix^"(0) <8 >xJ(0)7 , wi[xU-1), 2 :^( 0 )] r a j 
= Ci£i {^ 3 7 wi [%2 (0); x i (1) ]s 3X 2 (0) ® s 3 a:J(0)[xU-l), 2 :^( 0 ) ] r 3 7^1 

-(rs) 3 7 ^[x^( 0 ), x^(l)] a sX 2 (0) ®x^(0)[xf(-l), afj'WW'wi} 

= 0 . 

Therefore, we get the required relation, 

[A'(x+(-l)), A'(x-(1))] 

= [ait(-!)> x k (1)] ®Wk +Wk ® [aJfc (-1), x k (1)] 

A'( 7 W) - A'(W k ) 

Tk ~ Sk 

(b) Next, we need to show that A' is coassociative. Similarly it suffices to check the 
actions of A' on the generators xj~(l) and x^(—1). 

For the case of x^(l), we obtain by definition, 

(A' <g> id)A'(x^ (1)) 

= (A'<g>id)(xUl) + 1 <S>2:U1) + ^2 & 2 ^( 1 ) ® x+ ,( 0 ) 7 '^) 

i2<jl<-<3l<ih-i 

= %“(1))®7W + I®l®it(l)+ A'(x^( 1 ))®xt ; (0)7 , u;fc. 

i2<ji<—<ji<ih-i 

On the other hand, we have. 


(id®A')A'(x k (1)) 

= (*d<g> A')(x^(l) <g> 7 'wfc + 1 (g) x^(l) + ^2 x^(l) <g>x+ J (0)7 , w fc ) 

= x k (1) ® j'ujk ® 'y'cok + 1 <E> A'(x k (1)) + ^2 ^x^(l) (g> A'(xt ; (0)7'w fc ) 

*2<il< — <jl<ih-l 

By direct calculation of A'(xj~j(l)) and A'(x~^ ; (0)), the two expressions are same. 

Hence we get the required relation 

(A' <g> id) A'(xfc (1)) = (id <g> A')A'(x^(l)). 

The proof for x^(—1) is analogous. 

(c) It is easy to check that e defines a morphism of algebra from s (g) onto K and 
satisfies the counit axiom. 

(d) It remains to verify that S defines an antipode for U* a (g). First we have to show 
that S' is a morphism of algebra from s (g) into Ujf ° p (g), that is, 
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[S(x~( 1)), S(x+(- 1))] = S{l ' Uk) S{Wk) 

fk — Sfc 

The verification is similar to the above and is left to the reader. 

To conclude that S is an antipode, it suffices to check that the relations 

x' S(x") = S{x')x" = e(x)l 

(x) (x) 

holds when x is any of the generators. Similarly, we have only to check it on irjT (1) and 
xt (—1). But this follows from the construction easily. 

□ 


Then we arrive at our second main theorem as follows. 

THEOREM 8.3. The morphisms $ and 'T are two coalgebra homomorphisms, that is, 

A' o Tf = (ifr <g) T>)A, Ao$=($®$)A'. 

In particular, the maps and T 1 between the algebra Uj? s (g) and U r , s (g) are two 
Hopf algebra isomorphisms. 

PROOF. It follows from Proposition |8.2| together with the constructions of A and A'. 

□ 


Remark 8.4. The result generalizes that of IIDrl . 
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